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ABSTRACT. Let P, be a Sylow p-subgroup of the symmetric group S,. We investigate the number and
sizes of the Py \ Sn/Pn double cosets, showing that ‘most’ double cosets have maximal size when p is
odd, or equivalently, that P, N PY = 1 for most x € S, when n is large. We also find that all possible
sizes of such double cosets occur, modulo a list of small exceptions.

1. INTRODUCTION

For n a natural number and p a prime, let P, be a Sylow p-subgroup of the symmetric group S,,. This
splits .S, into a disjoint union of P,, double cosets P,z P, as x varies over S,,. We ask:
e How many double cosets are there?
e What are their typical sizes?

Motivation for these questions from probability, enumerative group theory and from modular repre-
sentation theory are described in Section [L.I] below.

The double cosets have sizes varying between |P,| and |P,|?. In Corollary . 2.8 below, we show that
if n > 9 then S,, admits (P,, P,)-double cosets of all possible sizes. Moreover, our main result shows
that, for p > 2 and n large, most double cosets are as large as possible. Equivalently, since |P,zP,| =
|P.|?/| P, N P%|, we have that P, N P® =1 for almost all z.

Theorem 1.1. Let p be a prime. Let f(n,p) be the probability that | P, N P*| > 1 where x € S,, is chosen
uniformly at random.

(a) For p>2, f(n,p) — 0 as n — oo, uniformly in 2 < p < n.
(b) Forp =2, liminf, .o f(n,2) >1—e /2,

To familiarise the reader with the problem, in the following example we treat the smallest non-trivial
case (i.e. we study in detail the case of S},).

Example 1.2. Let us fix the rank n of our symmetric group to be equal to the prime number p. In this
case, given P, € Syl (S,) we have that P, is isomorphic to C), the cyclic group of order p. Hence the
double cosets have size p or p?. Let n; be the number of double cosets of size p’, for each i € {1,2}. Then
we have p! = pny +p*ng. If |P,wP,| = |P,|, then wP, = P,w so w € Ng, (P,). As explained in Sectionl
we know that Ng, (Cp) = Cp x Cp_1, 50 ny = |Ng,(Cp)/Cp| =p—1and ny = w For instance,

notice that if p = 11 then ny = 10 and no = 329890. This 111ustrates our main results that all possible
double coset sizes appear, and most double coset sizes are as large as possible.

Theorem shows that p = 2 is different; letting P, € Syl,(S,), Table || gives some data on the
number of (P,, P,)-double cosets in S, of size 2% 0 < k < m, where |P,| =: 2™ (see (2.1])). Note that:
e The largest entry in each row almost always occurs in column 22™~! (although the 22™~1 and
22™ entries are roughly equal).
e The first column contains all 1s as P, is self-normalising in S,, when p = 2 (see Lemma.
e The second column (number of double cosets of size 2™1) is explained in Section [5| below.

e Going from row n = 2¥ — 1 to row n = 2¥, the entries decrease down each column. (Compare this
with the structure of P,; see Section [2.1])



n |0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 >
1|1 1

2 |1 1
311 1 2

4 11 1 2
511 1 1 1 4

6 |1 2 2 2 1 8
711 3 7 13 11 35
8|1 1 2 4 3 3 2 16

9 |1 1 2 5 6 10 15 11 51
(1 1 3 8 13 22 32 43 22 145
w1 2 4 14 39 97 218 395 342 1112
1211 3 8 17 27 53 97 154 247 341 197 1145
13(]1 3 9 23 53 150 399 965 2173 3818 3335 10929
1411 4 15 50 135 341 826 1942 4399 8983 13737 10967 41400
151 5 22 89 328 1202 4268 13960 41210 104946 194791 181963 542785
61 1 2 6 15 24 55 100 209 407 955 1938 4755 8390 13783 9743 40384
71 1 2 6 16 29 7 189 537 1609 5223 15898 45965 113336 208574 191706 583169
811 1 2 7 21 51 158 442 1240 3555 10602 32233 95157 257733 589685 974086 816834 2781808
91 2 3 9 31 96 343 1281 4902 19274 77090 300762 1085019 3489029 9305449 17587577 16687838 48558706
20101 2 4 15 50 136 366 995 2753 7755 22520 68507 218355 697784 2131976 5935593 13799562 23045073 19529900 | 65461347

TABLE 1. The number of (Pp, P,)-double cosets in Sy according to their size, where P, is a Sylow 2-subgroup of S,. The leftmost column lists the values of n
considered. The rightmost column lists, for each n, the total number of such double cosets for S,. For each column in between, the column label ¢ indicates the
number of double cosets of size 2™1?. Here, m is given by |P,| = 2™; see (2.1} for explicit formulas for the value of m. Note that the size of any such double coset

must be a power of 2 between 2™ and 22™; see (2.6).
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1.1. Motivation. Our route to studying these problems comes from ‘Polya theory’ — enumeration under
symmetry. Let X be a finite set and G a finite group acting on X. This splits X into disjoint orbits

X=0,U0U---UOQO,.
Natural questions are:

e How many orbits are there?

e What are the typical sizes?

e Do the orbits have ‘nice names’?

e How can one ‘pick a random orbit’?

Of course, in this generality, this is a hopelessly out of focus question; there are too many groups
acting on too many sets. Nonetheless, there are many important special cases. See [Kel03] for a review
when X is a group.

Computer scientists Jerrum and Goldberg [J93| [GJ02] introduced a general algorithm for random
generation which allows the first two problems to be studied — the Burnside process. Their interest was
computational complexity and they highlight special examples where the questions are #P-complete.

In contrast, [BD24l [DHow25| [DZ23] [DZ25] show that there are many examples where enumeration is
feasible (and interesting):

e Suppose X = G and G acts on itself by conjugation (9 = g~'xg). Then the orbits are conjugacy
classes and the questions become: how many classes? What are their typical sizes?

When G = S, the conjugacy classes are indexed by partitions and the Burnside process gives a
useful algorithm for generating a random partition of n. Work in [DHow25| shows this is effective
for n up to 10, for instance.

e Let H and K be subgroups of a finite group G. Then H x K acts on G via (h,k) - g = hgk™1!,
with orbits the double cosets H \ G/K.

When G = S,, and H = Sy, K = S, for two partitions A and p of n (i.e H and K are parabolic
subgroups), the double cosets are indexed by contingency tables: arrays of non-negative integers
with row sums A and column sums p [JK81, Theorem 1.3.10]. For references, enumerative theory
and statistical applications, see [DHow25] [DSi22].

If G = GL,(F,) and H = K = B, the Borel subgroup of invertible upper triangular matrices,
then we have the Bruhat decomposition GL,,(F,) = U BwB; see [DRS23] for probabilistic
applications.

wES,

Michael Geline asked about P, \ S,/P,. This connects to modular representation theory by the
following route. Consider a finite group G with a split BN-pair B, N,U in characteristic p (see [Car72]
or [Car85| for definitions and references). Let k be an algebraically closed field of characteristic p. The
irreducible representations of G over k can be studied via the approach of [Saw77, [Cur70, Ric69, [GreT8]
and [T80] (this last reference is a well written account with full references). A central piece of the story
is the Hecke algebra

E = Ly(U\ G/U) = Endg((1)“).
They show:

e F is a Frobenius algebra.

e Every simple right E-module is 1-dimensional, given by a multiplicative character ¥ : E — k.

e Each such v is determined by a vector of parameters (x, u1, us, ..., uy) with x a linear character
of the Borel subgroup B and u; € k.

e There is a bijective correspondence between the set of irreducible kG-modules and the set of such
characters .

One hope for studying the difficult problem of understanding representations of \S,, over k [Kle05| is
to study the Hecke algebra H,, (k) := Ly (P, \ S,/P,). Understanding the number of double cosets (i.e.
the k-dimension of H, (k)) and their sizes seems like a natural first step. It is worth mentioning that the
representation theory of the algebra H, (k) is closely related to the decomposition of the permutation
character (1p, )% into irreducible constituents. (We refer the reader to [CR8I, Chapter 11D] for the
complete definition and properties of this correspondence.) Exploiting this connection, the exact number
of irreducible representations of H,, (k) has been computed in [GL18, Corollary B] for any field k of odd
characteristic.
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Alas, our main results show that most double cosets have the same size, so that ‘size’ does not usefully
distinguish them. Still, it does give a good hold on dimension.

1.2. Outline. Section [2] gives background on P, and double coset enumeration. Furthermore, we prove
that all possible sizes occur for n > 9. Section [3| studies a special case when n = kp and 1 <k <p— 1.
Then, sharp formulas and asymptotics are available. It may be read now for further motivation. Section [4]
deduces Theorem Our proof uses a result on random generation of A, due to Eberhard—Garzoni
[EG21L [EG22]. Section [5|develops a complete understanding of double cosets of size p| P, | for all p. It also
contains useful facts for size p¥|P,| for general k. The final section contains remarks and open problems.

Acknowledgements. We thank Michael Geline, Michael Howes, Marty Isaacs, Markus Lincklemann, Radha
Kessar, John Murray and Richard Stanley for many interesting comments and helpful discussions. We
also thank Gereon Kofimann for computational support. P.D. acknowledges support from NSF grant
1954042. E.G. acknowledges support from the European Union - Next Generation EU, M4C1, CUP
B53D23009410006, PRIN 2022.

2. BACKGROUND

2.1. Sylow subgroups of S,,. The Sylow p-subgroups of S,, were first determined in [Kal48]. This is
also sometimes attributed to Cauchy, see [M04]. The facts below are standard, see [094] or [JK81]; see
also [W16] for an alternative description.

The largest power of p dividing n! is p" where m is given as follows:

m:g LZIJ == Duln), (2.1)

p—1

Here, if n = 3% ) a;p" is the p-adic expansion of n, i.e. a; € {0,1,...,p—1} for all i, then Dp(n) = > a;
is the sum of the digits (this was known to Legendre; see [L00], whose first edition was published in 1798).
p’-1 _

For example, if n = p? then m = o1 =Pt 1, so | P,| = pP*!. For this case, P, may be pictured as

CP x Cp = Cp1Cp. When p = 3, we have the following diagram:

N\ I\

Here, each of the p copies of C,, in the base group acts cyclically on each set of leaves, and the wreathing
C,, permutes the p branches from the root cyclically. Iterating this construction, for n = p* we have that

/

\

k—1

P, =C1C,0---1Cy, |P,| = pltpttpt (2.2)
———
k times

For general n, write n = E;io ajp’ where 0 < a; < p—1 for each j. Then P, is isomorphic to the direct
product of a; copies of the Sylow p-subgroup of S,,; taken over all j > 0. A useful fact, needed below, is

NSn (Pn) = HNSPJ' (ij) ?S(lj (2'3)

where the direct product is taken over all those j such that a; # 0 and where Ng ; (F,;) = P x (Cp— 1)
A careful version of the isomorphism and further details can be found in [Gia21l Section 2B] where it is
applied to give explicit McKay bijections for S,, and A,,.
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2.2. Double cosets for H x K acting on G. Let G be a finite group and H and K be subgroups of G.

The set of orbits of H x K acting on G by (h, k)-g = hgk~" is denoted H \ G/K, the set of (H, K )-double

cosets of G. For a textbook treatment, see [Suz82, p.23]. The Orbit—Stabiliser theorem implies
[H|| K]

|[HNzKz 1|

for x € G. Here are three formulas for the number of double cosets: the first is an easy application of

Orbit—Stabiliser; see for example [Sta99, Ex. 7.77] and [Cur99l p.44] for the latter two.

|HaK| = (2.4)

1
|H\G/K|= H|K]| Z |Grel, where G = {g | hgk™* = g}, (2.5a)
heH,keK
[H\G/K[= Y a()bx) = (1u), (1k)9)
x€Irr(G)
where (1x)9 = > al)x, (1) = > b(x), (2.5b)
x€Irr(G) xEIrr(G)

|G| ICNH|ICNK]|
H\G/K|= 2.5¢
NG = iR 2 el (259

where C runs over the conjugacy classes of G. See [Ren24] for applications of (2.5¢) to |P, \ Sy, /P,|: this
paper contains a useful review for Sylow p-subgroups of .S,, with full proofs.

Remark 2.1. In the case of p = 2, the sequence of numbers |P, \ S, /P,| is recorded on the Ounline
Encyclopedia of Integer Sequences as A360808 [OEIS23], and the formula given there follows from .

To see this: | P, \ Sp/Py| is calculated as (U, U,) where Stanley defines the symmetric functions U,
and T}, as follows. Set U,, = T4, Ty, ...Ta., where T}, is recursively defined by Ty = p; (power sum) and
Ty = ho[Tk—_1] (plethysm) for k£ > 0. Under the Frobenius characteristic isomorphism, U,, corresponds to
the symmetric group character (1p, )%, since T}, corresponds to (1g,,5,:..15,) 2" - In this latter expression
the trivial character is induced from a k-fold wreath product of cyclic groups of order 2, and such a group
is exactly a Sylow 2-subgroup of Sox.

All of these formulas were useful in our preliminary work, collecting examples. We have not seen how
to use any of them to derive results for general n.

Despite these nice formulas, it is worth remembering that there are many examples where computing
|[HxK| or |[H \ G/K]| exactly is #P-complete. See [DSi22] or [DMal21] for references and examples.

2.3. Smallest and largest sizes. Let G be a finite group and z € G. Take H = K < G in this section.
From (2.4) we immediately observe that

|H| < |HzH| < |H|?. (2.6)
Clearly the lower bound is attained at = 1. More generally, we observe that |HzH| = |H| if and only
if tH = Hx, that is, if and only if 2 € Ng(H).

Lemma 2.2. For finite groups H < G, the number of double cosets HxH of size |H| is |[Na(H) : H|
and such double cosets are naturally labelled by No(H)/H.

Remark 2.3. Lemma 2.2 shows that the set Ng(H)/H naturally labels those double cosets in H \ G/H
of minimal size. Despite this, it seems to be extremely difficult to find a labelling for all double cosets.
For instance, even for P, < S}, we do not have a natural labelling of those double cosets of size p?. When
p =2, shows that |Ng, (P,) : P,| = 1, explaining the column of Table [1] labelled by 0 (i.e. that
which describes the number of double cosets of size 2+0).

On the other end of the spectrum, double cosets of maximal size need not always exist in general. For
instance, if H < G then all double cosets are simply one-sided cosets, of minimal size |H|. Nevertheless,
the following result by Zenkov and Mazurov in [ZM96] settles the case for P, \ S,/ P,.

Theorem 2.4. [ZM96, Theorem 1] For p a prime and n a natural number, the symmetric group Sy,
contains at least two Sylow p-subgroups with trivial intersection if and only if

(p,n) € {(3,3),(2,2),(2,4),(2,8)}.
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Remark 2.5. Another way to see this when p ¢ {2,3} is to use a theorem of Granville-Ono [GO96],
which asserts that for p ¢ {2,3} and all n, S,, admits p-blocks with trivial defect group. This implies the
existence of P € Syl (S,) and x € S, such that PN P* = 1, using a theorem of Green [N98| Corollary
4.21].

Indeed, following a suggestion of Radha Kessar, by considering p-defect zero characters we can also
obtain a first bound on the number of Sylow-p double cosets of S,, of maximal size. Let X denote the set
of irreducible characters of S,, of p-defect 0 (under the natural bijection between Irr(.S,) and the set P(n)
of partitions of n, such characters are labelled by p-core partitions). Then the number of (P,, P, )-double
cosets of S, of size |P,|? is at least ZXeX(X(l)p’>2> where if m € N then m, denotes its p’-part. This
follows from the fact that a defect zero block is projective as a kP,-kP,-bimodule.

The next section treats double cosets of intermediate sizes. As mentioned in the introduction, our first
main result (Theorem [2.7) extends Theorem [2.4] by showing that P, \ S,,/P, admits double cosets of any
possible size (modulo a few exceptions when n < 9).

2.4. Intermediate sizes. Let n be a natural number and p a prime. Let P denote a Sylow p-subgroup
of S, and z € S,. Since |PzP| = |P|/|P: PNxPz~!| from (2.4)), it is easy to see that |[PzP| must be a
p-power between |P| and |P|?. Moreover, it turns out that all possible sizes can occur for such Sylow-p
double cosets. In order to prove this statement, we first need the following technical lemma.

Lemma 2.6. Let k € N with k > 2 andn = 25 +1. Then there exist P,Q € Syly(S,,) such that |PNQ| = 2
and P and @ have no common fixed point.

Proof. The case k < 4 can be checked using [GAP]. Now assume k > 5. Let n; = 2871 V] =
Sym({1,...,n1}) and ng = 2¥"1 + 1, Y5 = Sym({n; + 1,...,n}) = S,,. By Theorem there exist
Py, Q1 € Syl,(Y7) such that PiNQ1 = 1. By induction there exist Ps, Q2 € Syly(Y2) such that |[PoNQ2| = 2
and P and ()2 have no common fixed point. Observe that P; = @;. Take involutions x,y € S,, such that
Py = P{ and Q2 = QY. The claim holds for P = Py P(z) and Q = Q1Q2(y). a

Theorem 2.7. Let n € N and p be a prime. Let p™ be the p-part of n!. Then for every k € {0,1,...,m}
there exist P,Q € Syl,(Sy) such that [P N Q| = p*, if and only if

(n,p, k) ¢ {(2,2,0),(4,2,0),(4,2,1),(8,2,0),(3,3,0), (6,3,1)}.

Proof. The case n < 10 can be checked with [GAP|]. Now assume n > 11. The case k = 0 follows from
Theorem For k = m we can choose P = Q. Thus, let 1 <k <m and P € Syl,(S,). We argue by
induction on n.
Case 1: Let us first assume that n = p’ is a prime power.

Let m(¢) € N be such that |P| = p™®. The description of the algebraic structure of the Sylow p-
subgroups of symmetric groups implies that m(¢) = p-m(¢ — 1) + 1, for any ¢ > 2. Since 0 < k < m(¥¢),
we have ¢ > 2. We partition {1,...,n} = Ny U...UN, where N; := {n(i —1)/p+1,...,ni/p} for
i=1,...,p. Let Y; := Sym(N;) and P; € Syl (Y;) for each i. Let x € S,, be an element of order p which
permutes the P; cyclically, e.g. P4y = PP fori = 1,...,p—1. Then P := P, ... P,(z) & P11 C, is a
Sylow p-subgroup of S,,. Suppose first that n # 16. Since n > 11 and k < m(¢) —1 =p-m({ — 1) we can
choose inductively @; € Syl,(Y;) such that

(PLN Q1) x ... x (P,NQ,)| =p" and such that [Py NQy| # |P2NQal.

Let @ € Syl,(Sn) be such that Q1 x---xQ, < Q. For any y € PNQ we have that (y) acts on {Py,..., Py}
and on {Q1,...,Qp}. Since {N1,...,N,} is a system of imprimitivity for both P and @ we have that
PY = P; if and only if QY = Q;. It follows that (y) acts on the set Q :={PiNQ1,P2NQ2,...,P,NQ,}.
Since |P1 N Q1| # |P2 N Q2] the action is not transitive. We deduce that (y) acts trivially on 2 and
hence that P/ = P; and QY = Q;. This shows that y € Y7 X --- x Y}, and therefore that PN Q =
(PLNQ1) X ... x (P,NQy). We conclude that [P N Q| = p*, as desired.

Next suppose k& = m(£) — 1. Here we choose a different partition {1,...,n} = Ny U...U N, , where
Ny = {(i—1p+1,...;ip} fori = 1,...,n/p. Let Y; = Sym(NN;) = S, and P; € Syl,(V;). We let
B:=P xPyx---xP,,and S =8, /, be a fixed subgroup of Ng, (B) permuting the sets Ny,..., Ny /.
Since 11 < n # 16, using the inductive hypothesis we can find 71, T» € Syl (S) such that [T} : TyNT3| = p.
Now let P = Bx Ty and Q = B xTy. It is clear that P,Q € Syl,(S,). Setting Z := B(T1 NT,) we notice
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that Z < PNQ < P and that |P: Z| = |Ty : Ty N Tz| = p. It follows that Z = PN Q. In fact, assuming
for a contradiction that Z # PNQ, we would have PNQ = P and hence that T} < QNS = BToNS =T,
which is a contradiction. We conclude that |[PN Q| = |Z| = |B(T; N Ty)| = p™“ =1, as desired.

Finally, to conclude Case 1 we consider n = 16 and p = 2. Here we can argue similarly unless k = 1.
Fortunately, it turns out that most Sylow intersections are small. We have verified this special case by
choosing random Sylow 2-subgroups by computer.

Case 2: n is not a p-power.

Let n; < n be the largest p-power < n. Let Ny := {1,...,n1} and Ny := {n; +1,...,n}. Let
Y7 := Sym(N;) and Y2 := Sym(N2). Then we may assume that P = P; x P, where P, € Sylp(Yl)
and P, € Sylp(YQ). If p > 5, we can choose Q1 € Sylp(Yl) and Q2 € Sylp(Yg) inductively such that
Q = Q1 x Q2 € Syl,(S,,) with
[PNQ|=[PLN Q[P N Q| = p*.

For p = 3, we can argue as above except the case n —ny € {3,6} with k¥ = 1 needs attention. However,
here we can choose Q1 € Syls(Y7) such that [Py N Q1| = 1, because n; > 9. Hence, we may now assume
that p = 2. Only the cases k € {1,2} are problematic. If n = 12, we can find P, Q by computer random
generation. Consequently, we may assume that n > 17. Now only the case n —ny =4 and k =1 is left.
Let Ny :={1,...,ny + 1}. By Lemma [2.6] there exist P, Q1 € Syly(Sym(NNy)) such that [Py N Q;| = 2
and P; and @1 have no common fixed point. Without loss of generality, we may assume that P; fixes
ny + 1 and @ fixes ny. Let Ny := {n; +1,...,n} and Nj := {n1,n; + 2,n; + 3,n}. It is easy to find
P2 S SylZ(Sym(Ng)) and Q2 € SyIQ(Sym(Né)) with PQ n QQ = 1. Now P = Pl X P2 and Q = Q1 X Q2
are Sylow 2-subgroups of S,, with |[PNQ| = 2. |

Corollary 2.8. Forn > 9, all possible Sylow-p double coset sizes occur in Sy,.

In Section [5 we further investigate the double cosets of second smallest possible size.

3. ABELIAN SYLOW p-SUBGROUPS

For n = kp with k € {1,2,...,p— 1}, Section shovvs that P,, = (C,)*, where, as before, P,, denotes
a Sylow p-subgroup of S,,. Now p* < |P,zP,| < p?*, and the arguments below show that for p > 2:

o All values p® with k < a < 2k occur as sizes of (P,, P,)-double cosets.
o Almost all double cosets are of size p?*, so the total number of double cosets is asymptotically

(kp)!
p2k .
e For p large, the number n, of double cosets of size p® is super-exponentially increasing from
ne — @@=DF)E _ 2k
k= (pk)! O Nk =p~.

Section [3.1] gives exact formulas, and Section [3.2] gives useful approximations.

3.1. Exact formulas. Since the case of k = 1 was discussed in Example we may assume k > 2 in
the following.

Theorem 3.1. For a prime p and n = kp where 2 < k < p—1, let n, be the number of Sylow-p double
cosets of Sy, of size p®, for each k < a < 2k. Then

1y it (N (o 1 gy @ha [
”a—paj:%;a«’f J>p)!3!<j> (p(p — 1)) (-1) (%_a). (3.1)

Proof. The result will follow from considering the following generating function. Let

k
fep(@) = _#{m € Sk | |[CF N7 Chr| = p'}a’.
=0

We claim that i

funle) =3 (= )i (}) (oo o = 1) (3.2

=0
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First, to prove (3.1)) from (3.2)): note that the #2¥~% coefficient of fj , is the number of 7 € Sy, such that
|C’]’,f7rC’§| =p*. If |C§7TC’1’§| = p“, then there are exactly p* elements o € Sy, such that C’;wajj = C{,foC’Z’f
(namely, the set of such o is the double coset C¥mC¥ itself). Hence

Lt ok a 1 (kY i(_qy-ee-a)(
o= Sl ]f’“’”(x)wj_%;a((k”p)”!<j> (o= ) e (),

To conclude, we prove that holds. Fix k and p and write fi,(z) = )", a;z'. Let o; be the cycle
((z —p+1,... 7ip). Then a; counts the number of 7 € Sy, such that the subset R C {1,2,...,k}, of
indices r which have the property that there exists another index s with wo, 7! € (05), has exactly size
i. (Here r,s € {1,2,...,k}.)

Then the z¢ coefficient of fepl+1)is a; + aip1 (ifl) + -+ ag (’f) and we want to show that

?

a; + a1 (Z JZF 1) +tag (f) = ((k —i)p)ti! (f) 2(p(p - 1))1'. (3.3)

The right hand side of (3.3) counts the number of 7 € Sy, together with a distinguished subset A C
{1,...,k} of size i such that for each a € A there exists b € {1,...,k} satisfying mo,7~! € (0}). Indeed,
concretely choose:

e a pair of subsets A, B C {1,...,k} with |A| = |B| =i — there are (f)2 such choices;

e a bijection ¢ : A — B — there are i! such choices;

e for each a € A (noting that |A| = i), a bijection r, : {(a — D)p+1,...,ap} — {(¢(a) — )p +
1,...,¢(a)p} such that rqo;r; " € (04(4)) — there are p(p — 1) such choices, for instance by first
choosing 7,((a — 1)p + 1) from one of p possible values, then by choosing r,((a — 1)p + 2) from
one of p — 1 possible values, which then determines r,; and

e a bijection 7: {1,...,kp} \Ugeall@a—=1)p+1,...;ap} = {1,... kp} \Upep{(b—1)p+1,...,bp}
— notice the domain and codomain of 7 each have size (k—1i)p so there are ((k—1i)p)! such choices;

then take 7 to be defined by the {r,}sca and 7, whose domains and codomains both have disjoint unions
{1,...,kp}.

On the other hand, the left hand side of (3.3)) creates the pair (m, A) as follows: first choose j such
that ¢ < j <k, then take a permutation m counted by a;, that is, 7 satisfies |R| = j where

R:={rec{l,....k}|3s, mo.nt € (0,)},

and then choose the distinguished set A to be one of the (z) i-element subsets A of the j-element subset
R c{1,...,k}. Thus (3.3) holds as desired, and this concludes the proof. O

Example 3.2. The first few cases of the generating function considered above are, for example,
o fip(z) =p!+p(p—1)(z—1),
o fop(z)=(2p)!+p!-dp(p — 1)(z — 1) + 2p°(p — 1)*(2 — 1)*,
o fap(z) = (EBp)+(2p)!-9p(p — 1)(z — 1) +p! - 18p°(p — 1)*(z — 1)* + 6p%(p — 1) (x — 1)°.

3.2. Some approximations. A glance at the formula (3.1) shows it is not so easy to understand; an
alternating sum with factorials and binomial coefficients. The following result gives sharp upper and

lower bounds. They show, in a strong sense, that when p is large, most double cosets have size p*,
(kp)!
p2k .

Theorem 3.3. With notation as above, for all p and 1 < k < p— 1 we have that

(kp)! (1_( 1 !> < ngy, < D)

p* p—2) p**

uniformly in k. This implies that the number of double cosets is asymptotic to

Proof. From (3.1)),
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Note that the j = 0 term in the sum is (kp)!. The proof proceeds by showing that the other terms are
super exponentially smaller than the j =0 term. For 0 < j <k —1 let

(Y :
T = ((k—j)p)l! (j) (p(p— 1)),
SO Mok = 3% Z?ZO(—l)ij. We compute

. . 2 j+1
Tipr  ((k=3)p—p)'G+DI(E) (0 - 1)
. . . 2 j
L ((k=p)at (%) (p(p — 1))’
N2
G+ Dpo—1) (54)
(k=) ((k=5)p—1)-- ((k=j)p—p+1)
p(p —1)(k —j)?
G+D(k=7)p)((k=3p—1) - ((k—5)p—p+1)
Since (p — 1)(k — j) < (k — j)p — 1, the ratio is bounded above by
T4 1 1
< = , ; < = . 3.5
L S GO0 (k- Dp-p+1) - GFDE -2 (3
It follows that I'j41 < I'; and that the sum in is an alternating sum of decreasing positive terms.
Call Sy, = pok, - nox, = Z?ZO(—l)-ij7 then we have
Io—T1 <8 <TYy

by taking j = 0 in (3.5). Finally,
r T
FO—F1:F0<1—F1>> 0

o/ ~ (p=2)I
Thus .
kp!(l—) < Sk < (kp)!,
() (1- 5= (k)
and dividing through by p?* gives the result. O
Remark 3.4. (i) The usual manipulations with alternating sums show S is bounded above by I'y —

'y +--- 4+ T9 and below by I'g — 'y + -+ - — I'gp41 for any 0.

(ii) For k < a < 2k, gives an explicit formula for the quantity n,. Similar techniques, not
developed in detail here, show that the sum in n, is dominated by the j = 2k — a term. Thus,
for k <a <2k,

o (a=mpee-at( ) -0 (3.

As a check, when a = k (the smallest possible value for a), we know n;, = k!(p — 1)*, and so
and the computation in Example [1.2] agree.

(iii) The value of n, falls off extremely rapidly from ngx. Straightforward asymptotics show a super-
exponential decrease: letting w = a — k and b = 2k — a and recalling that k < p we observe from

(3.6) that

™ 0 ”)v”(gz% <o = () (=)

from which we can conclude, for example, that

Ng _
=o(p~"").

N2k
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4. GENERAL CASE

Theorem considers f(n,p) = P(P, N P¥ > 1) with P, a Sylow p-subgroup of S,,. We begin by
clarifying what probability is being computed. There are three possibilities:
(1) Pick, uniformly at random and independently, two Sylow p-subgroups from the list of all Sylow
p-subgroups of Sy, i.e. Syl,(Sn).
(2) Fix P, € Syl,(S,) and pick, uniformly, a Sylow subgroup from Syl (S, ).
(3) Fix P, € Syl,(Sy), choose z € S, uniformly and consider P, N P;.
In all cases, P, = P7 is allowed.

Lemma 4.1. Under any of (1), (2) and (3), the probability P(P, N P? > 1) is the same.

Proof. From Sylow’s theorems, .S, acts transitively on Syl (S, ) by conjugation. The uniform distribution
is invariant under conjugation, so clearly (1) and (2) give the same probability. With P, fixed, P9* = P?
if and only if g € Ng, (P,). So the uniform distribution on Syl,(S,) assigns probability | Ng, (Py)| to
each, giving the equality between (2) and (3). O

Throughout, we will use the probabilistic set-up described in (3).

4.1. Odd primes. For a prime p, let z € S,, be an element of order p with fewer than p fixed points.
Note that this uniquely defines the conjugacy class of z. Let f/(n,p) be the probability that two random
conjugates of z, say x® and 2® with a, b uniform and independent in S,, both centralize a common element
of order p (i.e. the centralizer of (x%,x%) has order divisible by p). As above, it suffices to consider all
pairs x, z° as b ranges uniformly over all b.

We note:

Lemma 4.2. f(n,p) < f'(n,p).

Proof. Let P and @ be Sylow p-subgroups of S,,. Let x € Z(P) have order p and fewer than p fixed
points. If @ = PY, then z¥ € Z(Q). If w € PN @ has order p, then w commutes with = and z¥. Letting
y range over all elements, the result follows. O

Thus, it suffices to prove the following.
Theorem 4.3. If p # 2, then lim,,— f'(n,p) = 0.

The proof of Theorem uses the following special case of results of Eberhard and Garzoni [EG21]
EG22]. See in particular [EG22, Theorem 1.1].

Theorem 4.4 ([EG22]). Let x,, € Sy, be an element of odd order for each n € N such that the number of
fized points F(x,) satisfies F(x,)/n'/? = 0 as n — oo. Then the probability that two random conjugates
of x,, generate A, goes to 1 as n — co.

Remark 4.5. The probability in Theorem can be taken either as the chance that (z%,2%) = A, with
a,b € S, chosen uniformly and independently, or as the chance that two independent uniformly chosen
elements of the class of x,, generate A,. As in Lemma they agree.

We also use the following elementary result.

Lemma 4.6. Let L be a subgroup of G = S,,.

(a) If L acts primitively, then either L is cyclic of order n with n prime or Ce(L) = 1.
(b) If L acts transitively and r is a prime diwiding |Cc(L)|, then r | n.

Proof. Suppose x € C(L) has prime order r. Then the orbits of « are permuted by L. If L is primitive,
there is only one such orbit. If L is transitive, all orbits must have the same size and the result follows. O

To begin the proof of Theorem consider P € Syl (A,). Clearly P € Syl (S,) since p is odd.
Let z € Z(P) be an element with » < p — 1 fixed points where n = kp + r. Then the probability
that P N P* # 1, for x uniform in S,, is at most the probability that there exists a common element
centralizing both z and 2®. By Theorem this goes to 0 as long as p/n'/? — 0.

If p is fixed, clearly this holds, so it will be assumed that p is increasing. If say plogp < n'/?, the
result similarly holds (although we will not use this fact). If p | n, then » = 0 and the result holds. We
use the following result to deduce the result from the case r = 0.
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Lemma 4.7. f'(n,p) < max{f'(Ap,p) | 1 <X <n/p}.

Proof. Let G = S,,. We partition the conjugacy class & of x into disjoint subsets. If y € z@, let
H=H, = (z,y) and Q = Q(y) denote the union of all H-orbits of size prime to p. Let A() denote the
set of conjugates y of x with Q(y) a fixed subset.

Note that since x has fewer than p fixed points, H has fewer than p orbits on Q. Suppose w € Ci(H)
has order p. Then w acts on €). Since H has fewer than p orbits, w acts on each H orbit contained in €.
By Lemma w acts trivially on Q.

Let ' be the complement of Q. If Q' is empty, then no element of order p centralizes H. Let 2’ and
y’ denote the restriction of z and y to €’ (these are fixed point free permutations on Q). Note that as y
ranges over A(Q2), y’ ranges uniformly over all fixed point free permutations of order p on ). Since any
p-element in Cg(H) acts trivially on €, it follows that the probability that  and a random element of
A(Q) are both centralized by an element of order p is precisely f/(|<], p).

The result follows since || = Ap for some A. O

By Theorem it follows that lim, ,. f'(Ap,p) = 0 and Theorem follows.

Remark 4.8. The argument shows that Theorem holds uniformly in 2 < p < n. Using the ideas and
results from [EG22], one could prove a more refined version of Lemma

4.2. n even, p = 2. In this case Z = Z(P,) is an elementary 2-group. The same holds for Z(P?). Let
z € Z be an involution with no fixed points. Consider the partition A of n into 4 disjoint subsets of size
2 which are the orbits of z. Let A be the elementary abelian 2-subgroup preserving each subset of size 2.
We will show that for a random g, the probability that AN A9 #£ 1 is bounded away from 0 and so also
for P, N PY.

Note that gA is a random partition of the same sort. Let W be the number of matching pairs in A
and gA. Note that W > 1 if and only if AN A9 # 1. The arguments in [DHol02), §3] show that, when n
is large, W has a limiting Poisson(1/2) distribution

—1/2 l
P(W:l)%% as n — 0o.
In particular,
P(W >0)~1—eY2 asn— oo,

and so the probability that A N A9 # 1 is uniformly bounded away from 0.

4.3. n odd, p = 2. We show that the n even case implies the result for n odd. Choose an involution
z € Z(P,) with exactly 1 fixed point. Let 29 be a random conjugate of z. Note that (z,29) is a dihedral
group that has exactly 1 orbit of odd size k. If k < n, then using the result for n — k, we see that
the probability that AN A9 # 1 (with A the elementary abelian subgroup preserving each orbit of z) is
bounded uniformly away from 0. The result now follows by noting that the probability that zz9 is an
n-cycle goes to 0 as n — oo.

5. DOUBLE COSETS OF SIZE p|P,|

This section gives closed form formulas for the number of p-Sylow double cosets of \S;, of second smallest
size. The main result is the following.

Theorem 5.1. Let p be a prime and n € N. Suppose the p-adic expansion of n is Y .-, a;pt. Let
P, € Syl,(Sy). Then the number of (Pp, P,)-double cosets in Sy, of size p|P,| is

o] 00
Zaiai_H —|—ZQZ pr: 2,
1=0 1=2

wiam((p;ai) (p— 1" D(p—2)! - 1) ifp>2.

p =0

We remark that Theorem is proved following a useful lemma for general groups which yields
a theorem for the number of maximal size double cosets. Recall from (2.3) that |Ng,(P,) : P,| =
[L;(p —1)"* - a;!, when the p-adic expansion of n is Y .o a;p".
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Lemma 5.2. Let G be a finite group, p be a prime and P € Syl (G). For k € N such that pk <|P|, let
d(p*) == [{Q € SyL,(G) : |[P: PN Q| = p"}|.
Then the number of (P, P)-double cosets in G of size |P|p” is

d(p")
pk

INa(P) : P).

Proof. Let g € G and suppose |PgP| = |P|p*. There exist z1,...,z,x € P such that PgP = Uf; g P.
Setting Q; = xing_lxi_l € Syl,(G), we obtain [P : PN Q| = p* for i = 1,...,p*. Suppose that
Qi = Qj- Then
x;lxi € Ng(gPg ') NP < gPg*,
because gPg~! is the unique Sylow p-subgroup of Ng(gPg~'). Hence, x;g € z;9P and z;gP = x;9P.
Consequently, i = j. This shows that each (P, P)-double coset gives rise to p¥ Sylow p-subgroups Q of G
with |P: PN Q| = p. Now for each h € Ng(P) we have
|PghP| = |PghPh™'g~"| = |PgPg™"| = |PgP|
and Q; = xighthlg’lxi_l. Therefore, each @ arises from |Ng(P) : P| double cosets. a

It is no coincidence that p* divides d(p*). In fact, P N Q is the stabilizer of  under the action of P
on Syl,(G) by conjugation. Hence, d(p*) is p* times the number of orbits of size p*.
For the rest of this section, G = S,,.

1

Lemma 5.3. Let p be a prime, n € N and let P € Syl,,(Spn). Then P has a unique mazimal subgroup of
the form Pyx...x P,, where NiU...UN, = {1,...,p"}, [N1| = ... = |[Np| = p"~" and P; € Syl (Sym(N;))
forallie{l,...,p}.

Proof. 1t is clear that P has such a subgroup H = P; X ... X P, corresponding to

Ni = {(Z - l)pn71 + 13 (Z - l)pn71 + 23 v 7ipn71}5

for instance. Suppose that there is another such subgroup Q = Q1 x ... x @, corresponding to a
partition My U ...UM, = {1,...,p"}. Since P = HQ, we have that |H N Q| = %|H| By way of
contradiction, suppose that {Ny,...,N,} # {M,..., M,}. Then at least two of the N; split into smaller
subsets of the form IN; N M;. Since the subsets N; N M; are the orbits of H N @, this leads to the
contradiction |H N Q] < %|H| Hence, without loss of generality, N; = M; for all ¢ € {1,...,p}, and

Lemma 5.4. Let n € N with n > 2, and let P € Syly(San). Then P has unique mazimal subgroup of
the form WV, where W is a Sylow 2-subgroup of a symmetric group on 2"~2 letters and V = C3 acts
reqularly on the four copies of W.

Proof. We have P =W R~ (Wy x...xWy) xR where {1,...,2"} = NyU...UNy, W; € Syl,(Sym(N;))
and R 2 (31 Cy is a Sylow 2-subgroup of Sym({Ny, ..., N4}); note that W = 1 when n = 2. Taking V
to be the Klein four-subgroup of R gives us one subgroup H = WV of the desired form.

To prove uniqueness, we use a counting argument. The number of partitions of {1,...,2"} into four

subsets of size 2772 each is -

(2n—21)44)"
The number of Sylow 2-subgroups of Sy is the 2’-part of 2*!, call it t;. Therefore, the number of
subgroups of Sa» of the form W := Wy x ... x Wy where each W; is a Sylow 2-subgroup of a symmetric
group on 272 letters, is
2™ A tn
(2n—21)44] "2 37
The Sylow 2-subgroups of So» containing W correspond one-to-one to the three Sylow 2-subgroups of .Sy
(permuting the W;). Since t,, is the number of Sylow 2-subgroups of Ss», each Sylow 2-subgroup P of
Son contains a unique subgroup of the form W. Finally, there is only one way to extend W to W1V
where V' permutes the W, regularly. O
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Proof of Theorem[5.1, We write G = S,, and P = P, for short. There exists a partition
{1,...,TL}:N1U...UNS

and P; € Syl (Sym(N;)) such that P = Py x ... x Py, where s := >_7° a;. By Lemma it suffices to
determine the number of @ € Syl (G) such that [P : PN Q| = p. In this case R := PN Q is a radical
subgroup of G, i. e. P is the largest normal p-subgroup of Ng(P). The radical p-subgroups of symmetric
groups were classified by Alperin-Fong [AP90, (2A)]; see also [F20] for corrections.

It turns out that there is a refined partition M; U ... U M; of {1,...,n} where each M; is a subset
of some Nj;, and R; < Sym(M;) such that R = Ry x ... x R;. Moreover, each R; is an iterated wreath

product of the form Aj...0 Ay, where every A; 2 C,’ (for some e; € N) is elementary abelian and acts
regularly on its support. (Note the case k = 0 i.e. R; =1 is allowed.) Hence, |M;| = p®**T¢ and

logp |Rz| — elpe2+~~»+€k + 62p€3+~~+€k 4. 4e < p61+---+ek—1 +p€2+~~-+ek—1 N +pek—1’

since e; < p%~! (with equality if and only if e; = 1 or p = e; = 2). Thus

e1+-+ep—1
lo |R«|<lzk fiM = log, (|M;|!
gp 1] = p - p] - ng(‘ 1|)
i=0 j=1
Since |P : R| = p, we conclude that either ey = ... =e, =1, orp=2ande; =... = e,_1 = 1 and

e = 2.

Suppose first that p > 2. Then each R; is a Sylow p-subgroup of the symmetric group on its support.
This means that N; = M; and R; = P; for all but one . For i > 0, we have a;4; choices to fix a factor P;
of P such that |N;| = p"*!. The only way to decompose N; into some Mj, is to take p disjoint subsets each
of size p?, say Nj = My, U...UMy,. By Lemma the M}, are uniquely determined up to order by the
wreath structure of P;. Since P, = R, for all r # j, we have a; 4 p sets M; of size p’ in total. Each Sylow
p-subgroup @ containing R combines p of those M; to one set of size p’*!. We have (p ‘;‘“) possibilities
to choose those sets M;. For ease of notation, suppose that M = M; U ... U M, have been chosen. Now
we need to count how many Sylow p-subgroups of Sa; := Sym(M) contain Rps := Ry X ... x R, with
R; € Syl,(Sym(M;)). Each such Sylow p-subgroup Py lies inside Ng,, (Ras) = (R1 % Cj_1)2S,. On the
other hand, Ng,,(Py) & Py % C;fll. Hence, the number of Sylow p-subgroups of Sj; containing Ry is

— 1)y ,
[Ny (Rar) s Ny (Pan) = (=020 — (o= /00— 21
For each choice of N; there is just one refined partition M = M; U...U M, leading to Q = P. This
possibility needs to be subtracted. This proves the theorem for p > 2.

Finally, let p = 2. The subgroups @ constructed above also exist here. The corresponding number
simplifies to > a;a;41 since a; € {0,1}. Let ¢ > 2 be such that a; = 1. Without loss of generality, let
|N;| = 2% Let P; < Sym(N;) be the corresponding factor of P. By Lemma P; has a unique maximal
subgroup R; =2 W)V = W% x V such that W is a Sylow 2-subgroup of some Sy:—» and V = C2 permutes
the conjugates of W regularly. Since Ngyum(n,)(Ri) = W x Sy, the Sylow 2-subgroups @ containing R;
correspond one-to-one to the three Sylow 2-subgroups of Sy. One of them equals P. So for each i with
a; = 1, we obtain one (additional) double coset of size 2|P|. This yields the second sum ", ,a; in the
formula. a 0

From the proofs of Lemma[5.2] and Theorem [5.1] one can extract an algorithm to construct the double
cosets of size p|P,|.

6. REMARKS AND PROBLEMS

Our original goal was to “understand the Sylow-p double cosets of .S,,”. We approach this by counting;
how many double cosets are there and what are their sizes? There is still much that is not known. For
example, when p = 2 then Theorem b) shows that f(n,2) is bounded away from 0. We believe in
fact that equality holds, although we do not know the limiting distribution for |P, N P¥|. It is further
natural to ask:

e Are there ‘nice labels’ for the double cosets?
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e What are the structure constants when multiplying double cosets?
e Over a field of characteristic p, the Hecke algebra

Hn(k) = Lk(Pn \ Su/Pn) = EndSn(]lfDZ)

is not semisimple. As mentioned in the introduction, when p is odd, we know from [GL18|
Corollary B] that the number of irreducible representations of #H, (k) is equal to |P(n)|, the
number of partitions of n, whenever n is not a power of p (barring small exceptions when p = 3
and n < 10). Conversely, if n = p’ for some £ € N then H,, (k) admits exactly |P(n)| —2 irreducible
representations.

Moreover, in a recent (unpublished) manuscript, Giannelli and Law were able to completely
describe those irreducible characters x of S,, such that [y, (1p, )] = 1. This result, together with
[CR&1l Chapter 11D], allows us to determine the exact number of 1-dimensional representations
of H, (k) and therefore to compute the k-dimension of its abelianisation.

But, can we say more? Does #, (k) have some kind of nice structure? For instance, is it Frobenius
or quasi-Frobenius? (See [CR62] for background on quasi-Frobenius algebras.) For the roughly parallel
problems for finite groups G with a split BN-pair, there are nice answers to these additional questions.

e The Yokonuma algebra [Y67] gives a nice description of U \ G/U, closely tied to Bruhat decom-
positions.

e At least in type A and elsewhere [KMS23]|, there are useful descriptions of the structure constants.

e The work of Tinberg [T80] summarised in the introduction shows that Ly (U \ G/U) is Frobenius
(among many other things).

All we want is to let ¢ — 1 in type A(!). Moreover, work of Kessar—Linckelmann suggests that there is
trouble even in the simplest case Cp < S,. They find Ly(C) \ S,/Cp) is Frobenius for p € {3,5} but
not quasi-Frobenius for p > 7 [KL25]. This paper develops general tools for studying properties such as
self-injectivity for Hecke algebras for general groups over general fields.

We would like a more quantitative version of Theorem along the lines of Section[d We would like
analogues of the counting theorems for n, for the case of general n.
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