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Abstract

Let K be a conjugacy class of a finite p-group G where p is a prime, and let K~! denote the conjugacy
class of G consisting of the inverses of the elements in K. We observe that, in several cases, the number of
elements in the product KK ! is congruent to 1 modulo p — 1, and we pose the question in which generality
this congruence is valid. We also consider related properties of the class multiplication constants of G.
Furthermore, let x be an irreducible character of G, and let ¥ denote the complex conjugate of x. We show
that, in several cases, the number of irreducible constituents of the product xX is congruent to 1 modulo
p — 1, and we pose the question in which generality this congruence is valid.

1 Introduction
This paper is motivated by results of Adan-Bante [1], [2]. Let G be a finite p-group where p is a prime, and let
K € CI(G) where CI(G) denotes the set of conjugacy classes of G. Then

K ':={a':ae K}cClq),

and the product KK~! = {ab™! : a,b € K} is a union of conjugacy classes of G. We denote the number of
conjugacy classes of G contained in KK ~! by n(K). In [2], Adan-Bante proved that

n(K) > n(p—1) + 1 whenever | K| = p".

Moreover, she showed that this bound is sharp. Our own interest started with the observation that, in many
cases, we have

n(K)=1 (modp-—1). (P1)



Of course, the length |K| of K is a power of p; in particular, |K| = 1 (mod p — 1). Thus n(K) = |[KK}|
(mod p — 1), so that (P1) is equivalent to

IKK~'[=1 (modp—1). (P2)

At present, we do not have a single example where these congruences are violated. In this paper, we approach
the problem via the class multiplication constants of G. Thus, in the following, we denote by ZG the integral
group ring of G and, for a subset X of G, we set X :=3%" _ o € ZG. Then the class sums K (K € Cl(G))
form a Z-basis of the center Z(ZG) of ZG. For K, L, M € CI(G) and z € M, the nonnegative integer

cxpm = [{(z,y) € K x L:zy =z}

is called a class multiplication constant; it is independent of the choice of z. Moreover we have

KLt = > cxpuM™, (%)
MeC|(q)

and cxpa # 0 if and only if M C K L. The map

€:2G — 7, ZaggHZag,

geG geG

is a homomorphism of rings called the augmentation map of ZG. Applying € to the equation (x) we obtain

1=|K|ILl= Y cximlM|= Y cxm (modp-—1).
MeCI(G) MeCI(G)

Suppose that the following condition is satisfied:

cxkx-1, =1 (mod p—1) for all L € CI(G) such that L € KK . (P3)
Then
’I’}(K)Z Z 1= Z CKK—-1], = Z CKK—lLEl (modp—l)
LeCI(G) LeCI(G) LeCI(Q)
LCKK™! LCKK™!

This shows that (P3) implies (P1) and (P2). We will prove that, in several “small” cases, cxx-17, is in fact a
power of p, for all K, L € CI(G) such that L C KK !, a property which is slightly stronger than (P3). However,
we will also give an example of a group of order 37 where (P3) does not hold.

The questions above can also be dualized: Let x € Irr(G) where Irr(G) denotes the set of irreducible characters
of G. Then %, the complex conjugate of x, is again an irreducible character of G, and the product xx is a
character of G. In [1], Adan-Bante proved that

| Trr(xX)| > 2n(p — 1) + 1 whenever x(1) = p™;

here Irr(€) denotes the set of irreducible constituents of a character £ of G. Adan-Bante also showed that her
bound is sharp. Our own interest started with the observation that, in many cases, we have

[Ir(xx)| =1 (mod p—1). (QL)
At present, we do not have a single example where this congruence is violated. In the following, we write
(X¥)a = 15 Z x(9)¥(g)
e foer

for complex characters x,v¢ of G. Then, for v € Irr(G), (x|¥)e is the multiplicity of ¥ as an irreducible
constituent of y; in particular, we have

X = > (xl)ev). (%)

Pelrr(G)



Suppose now that x € Irr(G). Then x(1) is a power of p; in particular, we have x(1) =1 (mod p — 1). Thus
(*x) implies that
1=x(1)’=(@M) = >, (xl¥)e (modp—1).
P ETrr(xX)

Thus suppose that the following holds, for every x € Irr(G) and every ¢ € Irr(xX):

(xx[¥)e=1 (modp—1). (Q2)

Then 1 = 3 crip 1 = [Trr(xX)| (mod p — 1), so that (Q2) implies (Q1). We will prove that, in several
“small” cases, (xX|¢)q is in fact a power of p, for all x € Irr(G) and all ¢ € Irr(xY), a property slightly stronger
than (Q2). However, we will also give an example of a group of order 37 where (Q2) does not hold.

It is perhaps of interest to point out some connections of this paper to other results in the literature. J. G. Thomp-
son has conjectured that every nonabelian finite simple group G contains a conjugacy class K such that KK = G.
It is easy to see that then K = K1, so that also KK~ = G, and n(K) = | Cl(G)|. Thompson’s conjecture
is a strengtheninig of a conjecture by Ore which claims that every element in a nonabelian finite simple group
can be written as a commutator. Also, there have been considerable efforts in recent years to determine the
so-called covering number

= K" =G #K"!
cn(G) Kre%alzic){n eN G # }

of a finite simple group G (see [3] and [15], for example). So one can view our results and questions on conjugacy
classes as variants of these problems.

Of course, our results on class multiplication constants contribute to the general theory of integral group rings
and their centers (see [12], for example).

Every finite group G acts on itself by conjugation, and the character of the corresponding permutation module
is erm(G) xX- Thus, looking at the Wedderburn decomposition

cG= P A4,

x€lrr(G)

of the group algebra CG, the character xx of G comes from the conjugation action of G on the minimal ideal
A, of CG, for x € Irr(G).

We also note that our results on characters are related to the theory of S-characters (see p. 161 in [4], for
example). A character 6 of a finite group G is called an S-character if (0]1g)¢ = 1 and 6(g) > 0 for every g € G.
Important examples are provided by characters of the form xx where x € Irr(G), and by characters of the form
(1)€ where H < G.

H. Blau [5] has pointed out that some of our questions can also be formulated in the framework of integral table
algebras (see [6], for example). However, we do not pursue this direction here.

Some of the results in this paper are taken from the Diplomarbeit [13] of the third author written under the
direction of the second author.

Most of our notation will be standard. We write H < G if H is a subgroup of G, and H < G if H is a normal
subgroup of G. For a,b € G, the element [a,b] := aba~'b~! is called a commutator. For subsets 4, B of G,
we set [A, B] := {([a,b] : a € A, b € B) where (X) denotes the subgroup of G generated by X C G. Then
G’ :=[G, (] is the commutator subgroup of G. We denote the derived series of G by

G=G0>cW=G>6%>..,
the lower central series of G by
G=K\(G) 2 K(G) =G = K3(G) = ...,
and the upper central series of G by

1=20(G) < Z1(G) =Z(G) < Z2(G) < ...



The nilpotency class of G will be denoted by cl(G). We write a =g b if a,b are conjugate elements of G. We
denote the set of maximal subgroups of G by Max(G), and the set of maximal abelian normal subgroups of G
by SCN(G) (cf. [8]). Recall that Cg(A) = A for A € SCN(G). Also, we denote the set of integers by Z, the set
of positive integers by N and the set of nonnegative integers by Ny. For ¢ € Ny, we set

Q(G):=(geG: gpi =1) and U;(G) := (gpi 19 €G).
Moreover, we denote the Frattini subgroup of G by ®(G). We set
G:={x elr(G): x(1) =1}.

Then G is a group under multiplication, and G~@G /G’. The trivial character 14 is the identity element of G.
For x € Irr(G), we set

Z(x) ={9 € G :|x(9)=x1)}.

Then ker(x) <Z(x) < G. For H < G and a character £ of G, we denote its restriction to H by £x. Also, for a
character ¢ of H, we denote its induction to G by ¢&. Moreover, we write pg for the regular character of G.
If N is a normal subgroup of G and v is a character of G/N, we will often identify ¢ with its inflation to G.
Also, for v € Irr(N), we denote its inertia group in G by Ig(v).

2 Class multiplication constants

In the following, we fix a prime number p and a finite p-group G. We start by proving some general elementary
facts on the class multiplication constants ck s, for K, L, M € CI(G). These results will be used throughout
the paper.

Lemma 2.1. Let x € K € CI(G), let L € CI(G) be such that L C KK~' (so that LNzK~' # 0), and let
te LNxK~'. Then the following hold:

(i) ckx—1n < |K| < [KKH;
(i) cxx—1p = |K| & LCazK™1;
(iii) L CZ(G) = cxx-11 = |K|;
(iv) |K| =KK™ = cxr-1p = |K];
(v) exx-11 > |Cat) : Ca(t) N Cala)] >
(vi) KK~ NZ(G)| < n(K) < |K];
(vii) n(K) = |K| = cxx-11 = %;
(viii) |Cg(x) : Ca(z) N Cq(t)| < |[LNzK~Y <|L|;
(ix) Ca(z) CCe(t) G = cgg-11 = |LﬂmK‘1|%.
Proof. Since L C KK, there are g, h € G such that grg~'-hz~'h~!' € L. Then x-g *ha~'h~'g € LNzK !,
so that indeed L N x K~ # (.

(i) The inequality |K| < |[KK~!| is trivial. Moreover, for a € K, there is at most one b € K~! such that
ab =t. Thus
ek =|{(a,b) € K x K':ab=1t}| < |K]|.

(ii) Suppose first that cx -1, = | K|, and let g € G. Then, by the proof of (i), there exists h € G such that
t=gxg~t-hz=th~!. Thus g 'tg=2-g ‘ha 'h~'g € xtK~!. This shows that L C zK .
Now suppose conversely that L C xK~!, and let g € G. Then there is h € G such that gtg~' = zhaz~'h~1.
Thus t = g~ 'zg- g 'ha~'h~!g, and the proof of (i) implies that cx 17, = |K]|.

(iii) If L C Z(G) then L = {t} C 2K ~!, and the result follows from (ii).

(iv) Suppose that |[KK~!| = |K| = |[tK~!|. Since zK~! C KK~! this implies that L C KK~! = zK~1.
Thus (iv) follows from (ii).



(v) Since Cg(t) acts by conjugaction on the set {(a,b) € K x K~ : ab = t} and since ¢ := |Cg(t) :
Cq(t) N Cg(x)] is the length of the orbit (z,2~1t), we have
|Ca®)] _ K]

_ >c> — = .
CKETL=C=1Cq()] ~ I

(vi) The inequality |K K ' NZ(G)| < n(K) is trivial. Since every element in K K1 is conjugate to an element
in K1, we get n(K) < |K]|.
(vii) Suppose that n(K) = |K|. Then the proof of (vi) shows that any two elements of 2K ~! are contained in
distinct conjugacy classes of G. So there is a unique y € K ! such that zy € L. Since this holds for every
r € K, the conclusion follows.
(viii) The inequality |L NaK ! < |L| is trivial. Moreover, Cg(z) acts on L N zK~! via conjugation, and
|Ca(z) : Ca(x) N Cg(t)| is the length of the orbit of ¢ under this action.
(ix) Suppose that Cg(x) C Cq(t) < G, and let n = |L NaK~'|. We write LN 2K~ = {aita;’, ..., anta; '}
and a;ta; ' = xkia~ 'k for i =1,...,n.
Let g,h € G be such that t = gzg~' - ha='h~'. Then ¢ 'tg = - ¢ 'ha *h 'g € LNxK~'. Thus
g ltg= aﬂa;l for some j € {1,...,n} and ga; € Cg(t), i.e. g € Cg(t)a;1 = a;l Ceal(t).
Conversely, let g € Cg(t)aj_l for some j € {1,...,n}. Then ¢ := ga; € Cq(t). Setting h := caj_lkzj we
have
grg~t-hx thTl = cajflxajc_lcajflij_lkjflajc_l = ca{l

This shows:

-1, -1 _ -1 _
ajtaj ajc - =ctc " =1t.

n
ek ={grg g€ U a; ' Co(t)}-
i=1

Leti,j € {1,...,n} and ¢,d € Cg(t) be such that a; 'crc'a; = aj_ldxd_laj. Then c_laiaj_ld € Cg(x) C

Cq(t) and aza; ' € Cg(t). Thus i = j and cze™! = ded™'. This implies that ¢~'d € C¢(x), and we have
shown:

cxr-1; =n|Cq(t) : Co(z)| = n—:. O

Now we investigate the connection between the class multiplication constants of G and of G/N, for N < G.
These results will allow us to use induction on |G]|.

Lemma 2.2. Let K, L € CI(G), and let N 4G. Thenj ={aN:a€ K} and L := {bN : b € L} are conjugacy
classes of G := G/N. If KLN = KL then |KL| =|KL|-|N|=|KL| (mod p—1).

Proof. Let aq,...,a, € G be such that KL is the disjoint union of a1V, ...,a,.N. Then

|[KL| =r|N|=|KL||N|=|KL| (modp—1). O

The following result will be useful in order to construct suitable normal subgroups N of G.

Lemma 2.3. If z € Z(G) and K € CI(G) then zK € CI(G). In this way Z(G) acts on CI(G). For K € CI(G),

the stabilizer of K in Z(GQ) is Z .= KK~ NZ(G).

Proof. The first two statements are obvious. Let z € Z(G), K € Cl(G) and a € K. Then the following holds:
K=K<+ =z2acK<+=z2ecKa =2 KK,

and the result follows. O

Our next result is a variant of Lemma 2.2.

Lemma 2.4. Let K, L, M € CI(GQ), and let N <G. We denote the images of K, L, M in G := G/N by K,L, M,
respectively. If MIN = M then the class multiplication constants cx v and crgp differ by a factor which is a
power of p. In particular, we have:



(Z) cxkm =0 & szo,‘

(i) ckrm =1 (mod p—1) & cppzp =1 (mod p—1).

Proof. The canonical epimorphism G — G induces a ring homomorphism v : ZG — ZG. Applying v to the
equation (x) we obtain

K| |L|—s— Cl—
|i| ‘f|K+L+ = Z CKL0!C+.
K- 1L o]

The hypothesis M N = M implies that M is the only conjugacy class of G which maps onto M. Thus |K|-|L|-
M| - czerzr = | K| - |L] - |M] - ¢k, and the result follows. O

The following elementary fact will be applied in connection with Lemma 2.1.

Lemma 2.5. Let g,h € G and i,j € Z be such that i # j (mod p) and [h,g'] =c [h,g’]. Then g € Cg(h).

Proof. Let G be a counterexample of minimal order. Since G := G/Z(G), g Z(G) and h := hZ(G) also
S

=g
satisfy the hypothesis of the lemma, minimality ensures that g € Cg(h). Thus [h, g'] € Z(G), and our hypothesis
implies that [h, g°] = [h, ¢’]. Hence g"=7 € Cg(h), and the result follows. O

3 Elementary results on conjugacy classes

Let G be a finite p-group where p is a prime. In this section we are going to present some elementary positive
results concerning (P1), (P2) and (P3). We begin with the trivial remark that these conditions are always
satisfied for p = 2. It is also easy to show that (P1) and (P2) are satisfied for p = 3:

Proposition 3.1. Let p > 2 and K € CI(G). Then |KK ™| and n(K) are odd.
Proof. Let r € KK~1, and write z = a - ga~'¢g~! where a € K and g € G. Then 27! = gag™'-a™' € KK~'.

Moreover, © # x~! unless # = 1. Thus the elements in KK ~'\ {1} come in pairs of the form (z,27!). Hence
|KK~!] is odd. The result follows since n(K) = |[KK~!| (mod p — 1). O

Our next goal is to show that (P1), (P2) and (P3) are satisfied for finite p-groups of nilpotency class 2. We
start with a slightly more general result.

Proposition 3.2. Let H < G, and let K, L € CI(G) be such that L C KK~ C Cg(H) and G = H Cg(z) for
some x € K. Then |[KK~Y = |K| and cxx-1;, = |K|; in particular, (P3), (P2) and (P1) hold.

Proof. The hypothesis G = H Cg(z) implies that K = {hzh~! : h € H}. Thus the hypothesis KK ! C Cg(H)
forces
KK = {hxhy' - hox 'hy' thy,ho € H} = {x - hy *hox *hy'hy t hy,hg € H} = 2K 1.

Hence the result follows from Lemma 2.1(iv). O

Our first application of Proposition 3.2 is to finite p-groups of nilpotency class 2.

Corollary 3.3. Let K, L € CI(G) be such that L C KK 1. Ifcl(G) < 2 then |[KK ™| = |K| and cx -1, = |K]|;
in particular, (P3), (P2) and (P1) hold.

Proof. Since cl(G) < 2, we have KK™' ={a-ga~'g7':a € K,g € G} C G’ C Z(Q) = Cc(G). Thus we can
apply Proposition 3.2 with H := G. O

Our next result is another application of Proposition 3.2.



Corollary 3.4. Let K, L € CI(G) be such that L C KK, and let A <G be abelian such that G' C A and
G = ACq(z) for some v € K. Then |[KK~'| = |K| and cxx-11 = |K|; in particular, (P3), (P2) and (P1)
hold.

Proof. As in the proof of Corollary 3.3, we have KK~! C G’ C A = Z(A) C Cg(A). Thus we can apply
Proposition 3.2 with H := A. O

Much of the following result comes from a paper by Adan-Bante [2].

Proposition 3.5. Let |G| = p" for some n > 2, and let K,L € CI(G) be such that |K| € {1,p,p" "2} and
LC KKt Then cixg-11, € {1,|K|}; in particular, (P3), (P2) and (P1) hold.

Proof. The case |K| =1 is trivial. Suppose that |K| = p. Then, by Lemma 4.1 in [2], we have n(K) = p = |K]|.
Thus the result follows from Lemma 2.1(vii) in this case.

Finally, suppose that |K| = p"~2. If 2 € K then
p" = |K|<|KK Y =|{a-ga7 g rac K,ge G} < |G| <p"E

Thus |KK~!| = | K|, and the result follows from Lemma 2.1(iv). O

We note that a p-group of order p” with a conjugacy class of length p™~2 has maximal class, by Satz I11.14.23
in [9]. The following result is a consequence of Corollary 3.4 and Proposition 3.5.

Corollary 3.6. Let K, L € CI(GQ) be such that L C KK, and let A € Max(G) be abelian. Then |K| < p or
|[KK=| = |K]|, and cxg-11, € {1,|K|}; in particular, (P3), (P2) and (P1) hold.

Proof. Let x € K. If © € A then A < Cg(z) and therefore |K| < p. In this case the result follows from
Proposition 3.5. Thus we may assume that x ¢ A. In this case Corollary 3.4 implies the result. O

The following result will also be useful.

Lemma 3.7. Let K,L € CI(G) be such that L C KK~1, and let K C N < G where [N| = p|K|. Then
KK=' =[G,N] and |KK~'| = |K|. Thus cxx-11 = |K|, and (P3), (P2) and (P1) hold.

Proof. Let x € K. Then
KK ' ={gzg7' - ha"'h"':g9,h € G} = {g[r,g 'hlg~"' : g,h € G} C [N,G] < N.

Thus |[N| = p|K| < p|KK~!| < p|[G,N]| < |N|, and we conclude that |K| = |[KK~!| and KK~! = [G, N].
The result follows as before. O

Now we can deal with the groups of order p™, for n =0,1,...,5.

Proposition 3.8. Let |G| = p™ where n <5, and let K, L € CI(Q) be such that L C KK~'. Then cxx-11, is
a power of p; in particular, (P3), (P2) and (P1) hold.

Proof. By Proposition 3.5 and Lemma 2.1(iv), we may assume that p?> = |K| < |[KK~!| and |G| = p°. Since
KK~! C @ this implies that |G| = p* and G’ = ®(G). Moreover, Lemma 3.7 shows that K ¢ G’. Let z € K,
so that M := G'(z) € Max(G).

If [L| = 1 then L C Z(G), and the result follows from Lemma 2.1(iii). If |L| = p? then LL™! = K3(G) by
Lemma 3.7 since L C KK~! C G'. Thus N := LL"'NZ(G) # 1, and NL = L by Lemma 2.3. Hence the result
follows from Lemma 2.4.

It remains to deal with the case |L| = p. Let t € LNaK . Then t = zgr—'g~! for some g € G, and
|Ca(t)] = p*.



Suppose first that g € M. Thust € M’ and L C M’. Since |M’| < p?, Lemma 3.7 implies that LL~! = [G, M'];
in particular, N := LL™* NZ(G) # 1. Since NL = L by Lemma 2.3, the result follows in this case from
Lemma 2.4.

Thus we may assume that g ¢ M, so that G = M{g) = G'(z,g) = ®(G){(z,g) = (x,g). Since [z,g9] =t €
Z(Cg(t)) we conclude that G/ Z(Cg(t)) is abelian. Thus G’ C Z(Cg(t)) and |Cqu(t)/ Z(Cq(t))] < p. Hence
Cg(t) is abelian, and the result follows from Corollary 3.6. O

Our next result generalizes Corollary 3.3. It will be used in Section 4.

Lemma 3.9. Let K, L € CI(G) be such that L C KK, and let n € Ny be such that KK~'N Z,(G) =1 and
KK CZ,.1(G). Then n(K) = |K|, and cx -1, is a power of p; in particular, (P3), (P2) and (P1) hold.

Proof. Let z € K, and let g,h € G be such that [z,g] =¢ [z,h]. We set G := G/Z,(G), T := 22,(G), etc.

Then [z,9] =g [7, h]. But [z,7] € KK ' C Zp41(G)/Z,(G) = Z(G), so that [7,3] = [z, ). Thus g% € Cs(T)
and [z,g7'h] € KK~' N Z,(G) = 1. Therefore g'h € Cg(x) and [z, g] = [, k).

This shows that the elements in K ~! lie in distinct conjugacy classes of G. Thus n(K) > |zK~1| = |K]|.
Lemma 2.1(vi) implies that n(K) = | K|, and the result follows from Lemma 2.1(vii). O

4 Conjugacy classes of groups of order p°

In this section we will extend Proposition 3.8 to groups of order p® where p is a prime. In the following, let G
be a finite p-group. Our first lemma is well-known, so we omit the proof.

Lemma 4.1. The Sylow p-subgroups of GL(3,p) are nonabelian of order p3.

Next we consider Aut(Z/p*Z x Z/pZ).

Lemma 4.2. Let G = (a) x (b) where |{a)| = p? and |(b)| = p. Then Aut(G) has order p3(p—1)? and a unique
Sylow p-subgroup P. Moreover, P' # 1.

Proof. Every a € Aut(G) is uniquely determined by «a(a) and «(b), and we may write

ala) = a't?, a(b) = a*Pb!
with uniquely determined i € {0,...,p? — 1}, j,k,1 € {0,...,p— 1} such that [ # 0 and p { 3. Conversely, every
4-tuple (4, j, k, 1) of this form determines an automorphism « of G. This shows that | Aut(G)| = p*(p — 1)2.

Restriction induces a homomorphism p : Aut(G) — Aut(®(G)). Since ®(G) = (aP), p is surjective. Thus
| ker(p)| = p*(p — 1). By Sylow’s Theorem, ker(p) has a unique Sylow p-subgroup P. Then P is the only Sylow
p-subgroup of Aut(G).

Let o, 3 € Aut(G) be defined by a(a) = a'*Pb, a(b) = b, B(a) = a and B(b) = aPb. Then o = 1 = 37, so that
a, 3 € P. Since aff # Ba we conclude that P’ # 1. O
Our next result gives useful information concerning the structure of groups of order p°.

Lemma 4.3. Suppose that |G| = p® and |G'| = p3. Then G’ is abelian, but G’ ¢ SCN(G).

Proof. Satz IIL.7.11 in [9] implies that G’ is abelian. Assume that G’ € SCN(G). Then the abelian group

G/G' = G/ Cq(G") of order p embeds into Aut(G’). Thus G’ cannot be cyclic. By Lemma 4.1, G’ cannot be
elementary abelian. In the remaining case, Lemma 4.2 leads to a contradiction. O

Next we prove (P3) for groups of order p°® in special situations.

Lemma 4.4. Let |G| = p®, and suppose that G" # 1. Moreover, let K,L € CI(G) be such that L C KK~1.
Then cxgg-11, 1S a power of p.



Proof. Lemma 4.3 implies that |G’| = p*. Satz II1.7.8(b) in [9] shows that Z(G’) is noncyclic. Thus Z(G")
and G’/ Z(G’) are both elementary abelian of order p?. Also, Hilfssatz I11.7.10 in [9] shows that |G”| = p. In
particular G” C Z(G).

By Lemma 2.1(iv), we may assume that |K| < |[KK~1| < |G’| = p*. Thus, by Proposition 3.5, we may assume
that |K| € {p?,p*}, and |L| < p3. If |L| = 1 then cxg-1; = |K| by Lemma 2.1(iii). So we may assume that
|L| > 1. Then, by Lemma 2.3, Z := LL"' N Z(G) <G and ZL = L. Thus, by Lemma 2.4 and Proposition 3.8,
it suffices to show that Z # 1. Let t € L. If |L| = p then |Cg(t)| = p® and G’ C Cg(t). Thus t € Z(G") and
LL™! =[G, Z(G")], by Lemma 3.7. Hence Z # 1 in this case.

Suppose that |L| = p?. If G’ = Cg(t) then t € Z(G') and L C Z(G'); however, this is impossible since
|Z(G")| = p?. Thus G’ # Cg(t) and 1 # {[t,y] :y € G’} CLL'NG" C LL~' NZ(G) = Z. Hence we are done
in this case. Finally, suppose that |L| = p®. Then Lemma 3.7 implies that LL~! = K3(G). Hence Z # 1 also
in this case. O

Thus it remains to deal with the case G” = 1.

Lemma 4.5. Let |G| = p°, let K, L € CI(G) be such that |K| = p* and L C KK, and let x € K. Suppose
that |[KK ' NZ(G)| = p and Cg(z) QG. Then cxg-1y, is a power of p; in particular, (P3), (P2) and (P1)
hold.

Proof. Let g € G be such that 1 # [x,g9] € KK~ NZ(G). Then [z,¢'] = [x,9]' € KK ' NZ(G) for i € Z. The
case gP ¢ Cg(x) leads to the contradiction |[KK ' NZ(G)| = p?. Thus g? € Cg(x) and | Cg(z)(g)| = p°. Let
h € G be such that G = Cg(x){(g, h). Then

cK ' ={[z,h'¢’)1i,j=0,....,p—1}.

Let t € LNaK~! and write t = [z,hig?] with 4,5 € {0,...,p — 1}. Since Cg(x) < G, we have Cg(z) C
Cq(t) < G. Thus, by Lemma 2.1(ix), it suffices to prove that [L N zK | € {1,p}. We may therefore assume
that |[L N oK~ # 1. Then i # 0; for otherwise t = [z, g/] € Z(G) and therefore |L Nz K ~!| < |L| = 1. We can
now replace h by hig? and therefore assume that i = 1 and j = 0.

Let t # u € LNaK™!', and write u = [z, h¥g'] with k,l € {0,...,p — 1}. Then k # 0 since otherwise
u = [z,¢'] € Z(G) and |L| = 1. Since [z, g] € Z(G), we get
u= [z, h*g'] = o, h¥]hF [z, ') ™F = [z, h¥][z, g]'.

We set G := G/ Z(G), T := 2 Z(G), etc. Then t =g u implies that [T,h] =t =g u = [E,Ek].
Assume that k # 1. Then Lemma 2.5 implies that h € C5(F). Hence £ = 1 and ¢ € Z(G), a contradiction.
Thus we must have kK = 1. Then [ # 0. Let y € G be such that

-1

yty ~ =u= [‘T?hgl] = [:C,h][x,g]l = t[xvg]l'

Then, for m =0,...,p — 1, we obtain
Yty =tz g = [, hl[z, 9" = [, hg™ € LN @K

This shows that LN aK~! = {[x,hg"] : n = 0,...,p — 1}, so that |[L N 2K ~!| = p, which remained to be
proved. O

Lemma 4.6. Let |G| = p®, and let x € K € CI(GQ) be such that |K| = p?, |[KK~1| < p* and Cg(z) < G.
Suppose that the following conditions are satisfied:

(i) KK'NZ(G) =1 and KK~! C Z3(G);
(i) 1#y € KK™'NZ(G) = |Ca(y)| =p°.
Then ci 11, is a power of p, for all L € CI(G) such that L C KK~1.



Proof. Since z € Z(Cg(z)) < G, we have K C Z(Cg(z)) and (K) < Z(Cg(x)). Thus p? = |K| < (K)| <
| Z(Cg(x))], so that | Cg(x)/ Z(Ce(x))| < p, and Cg(x) is abelian.

Let L € CI(G) be such that L C KK~ !, and let t € LNzK 1. Then Cg(z) C Ca((K)) C Ca(t) I G. Thus,
by Lemma 2.1(ix), it suffices to show that |L Nz K 1| is a power of p.

If KK=! C Z5(G) then the result follows from Lemma 3.9 with n := 1, and if KK~! N Z3(G) = 1 then the
result follows from Lemma 3.9 with n := 2. Thus we may assume that
1#£ KK 'NZ(G)# KK
Hence there exists g € G such that 1 # [r,g] € KK 1N Z3(G). For i € N, we then have
[2,9'] = ([x.9l9)'g™" = [x,g]" (mod Z(G)).
Thus [z, ¢'] € Z2(G).

Assume that g ¢ Cg(x). Then 2K~ = {[z,¢'] : i = 0,...,p> — 1} C Z>(G) and therefore KK~ ' C Z2(G), a
contradiction.

Hence g? € Cg(x) and | Cg(z){g)| = p°. Let h € G be such that G = Cg(z)(g, h). Then

K ={[z,h'¢’] 14,7 =0,...,p—1}.

Assume that [z, ] € Z2(G). Then [z, hig’] = [z, h')hi[z, ¢?]h ™" = [2, k) [z, 9] (mod Z(Q)), so that [z, h'g’] € Zo(G) for
i,j € N. Thus 2K~ C Z5(G) and KK ™' C Z5(@), a contradiction.

Thus [z, h] ¢ Z2(G). Since we can replace h by hig whenever p {4 we obtain:
cK N Z5(G) = {[z,¢’] : j=0,...,p—1}.

By Lemma 2.5, the elements [z,¢7] (j =0,...,p — 1) are contained in p distinct conjugacy classes of G. If L is
one these conjugacy classes then certainly |L N 2K ~!| = 1. Thus it remains to deal with the conjugacy classes
of G contained in KK 1\ Z5(G).

Suppose that 4,5, k,1 € {0,...,p— 1} are such that i # 0 # k and [z, hig?] =¢ [z, h*g']. Setting G := G/Z5(G),
T = 225(G), ete. we get [T,h5) =g [#.7'F). But 7] = @RE FFR
ko —k

[,hg] =[x, h]

Assume that i # k. Then h € Cz(%) by Lemma 2.5. Thus [z, h] € Z2(G), a contradiction.

This means that i = k. We have thus shown that [LN2K ! < p for every L € C(G) with L C KK\ Z3(G).
We distinguish two cases:

Case 1: g € Ca((z,g)), i.e. Cq([x,4]) = Calx)lg).
Again, we distinguish between two cases:

= [z,h'] and similarly

Case 1.1: There are i,j € {0,...,p— 1} with i # 0 such that the conjugacy class of [x, h’g7] has length p. We
will show that |[L NzK~!| =1 for every L € C(G) with L C KK ~! in this case.

Since we can replace h by hig? we may assume that i = 1 and j = 0. Let s € G be such that Cg([z,h]) =
Ca(z)(s).

Assume that s € Cg([z, g]). Then g € Cq([z, g]) = Ca(z)(s) = Ca([z,h]). Since Cq(x) and G/ Cg(z) are abelian we
conclude:

hlz,glh~" = hah ' hge g 'h " = (hah™ ") (gha 'h ' g™") = (gha™"h g ) (hah ™)
=ghe 'h g o, h) e = gha T T o b T g T e = (g2 g e = 2(gzT g = [z, 9]
Thus h € Cg([z, g]), so that [z, g] € Z(G), a contradiction.

Hence we must have s ¢ Cg([z, g]).
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Next assume that there are k,I € {0,...,p — 1} such that k # [ and [z, hg*] = [z, hg']. Then there exist y € G and
z € Z(Q) such that
yle, hly ™ yhle, g"1h "y ™" = yle, he*ly ™! = [z, hg') = (2, bz, g0
and
ylz, hly ™[z, 9" = &, ][z, 9]’ 2.
Thus y[z, hjy ™~ = [z, h][z,g]' *2. Since s € Cq([z,h]) = Ca(y[z, h]y™") we obtain the contradiction s € Cg([z, g]).

This shows that the elements [z, hg*] (k = 0,...,p — 1) lie in p distinct conjugacy classes of G. Moreover,
for i = 1,...,p— 1, we have [z,h?] = [z, h]h[z,hi"1]h~L. Since Cg([x,h]) < G we obtain by induction that
Ca([z,h]) = Ce([z, h']). So we can conclude, analogously, that, for fixed 7, the elements [z, higF] (k =0,...,p—
1) are contained in p distinct conjugacy classes of G. Thus, in this case, we indeed have |L N xK~!| = 1 for
every L € CI(G) such that L C KK~

Case 1.2: All conjugacy classes of G contained in KK !\ Z5(G) have length pZ.

Since |[KK !\ Z3(G)| < p* there are at most p — 1 such conjugacy classes. Thus, for i € {1,...,p — 1}, the
elements [z,h'g*] (k = 0,...,p — 1) are all in the same conjugacy class of G. Thus, in this case, we have
|L N xK~| = p for each such conjugacy class L, which remained to be proved.

Case 2: g ¢ Cg([z, g]).
In this case we may assume, choosing h appropriately, that Cs([z, g]) = Cg(x)(h). Then a computation, similar

to the one in Case 1.1, shows that g[x,h]g~! = ... = [z, h]. Thus g € Cg([,h])

Assume that there are k,1 € {0,...,p—1} such that k # [ and [z, hg*] =¢ [z, hg']. Let y € G be such that y[z, hg*]y~" =
[z, hg']. But y[z, hg®|y~" = ylz, Ry ‘yh[z, "1 1y~ and [z, hg'] = [z, h]h[z, g']h~ . Thus there is z € Z(G) such that

ylz, hly ™ [z, 9]" = [z, B[z, g]'=.

Hence y[z, hly~* = [z, h][z, g]' 2. Since g € Ca([x, h]) = Ca(ylx, hly™"') this leads to the contradiction g € Ca([x, g]).

This shows that the elements [z, hg¥] (k =0,...,p— 1) are contained in p distinct conjugacy classes of G. Since
we can replace h by hi, for each i € {1,...,p — 1}, we also obtain that, for each i, the elements [z, high] (k =
0,...,p— 1) are contained in p distinct conjugacy classes of G. Thus, in this case, we also have [L NzK ! =1
for every L € C1(G) such that L C KK ~'. This finishes the proof of Lemma 4.6. O

Now we deal with the case |G'| = p3.

Lemma 4.7. Let |G| = pb, and suppose that |G| < p3. Moreover, let K,L € CI(G) be such that L C KK~1.
Then cg -1, is a power of p.

Proof. By Lemma 2.1(iv), we may assume that |K| < |[KK~!| < |G| < p3, so that |K| < p?. Thus, by
Proposition 3.5, we may assume that |K| = p? and |G| = p3. By Lemma 4.3, G’ is abelian, and there exists
A € SCN(G) such that G’ < A. Then Corollary 3.6 implies that |[A| = p*. Let z € K, so that | Cg(x)| = p*.
Then Corollary 3.4 implies that A Cg(z) < G, and Lemma 3.7 implies that = ¢ G’. Since KK~! C G’, we must
have |L| < p?. We distinguish two cases:

Case 1: G’ ¢ Cg(x).

Then z ¢ A, and p* = |A] < |A(z)| < |ACq(z)| < p°. Thus M := A(z) = ACg(z) € Max(G), and |Cx(z)| =
|[ANCg(z)] = p®. Setting H := {[z,a] : a € A}, we have |H| = |[A: C4s(z)]=pand H C KK~! C G' C A
It is easy to see that H < G. Then H < M since tHz~' = H. But M/H is abelian, so M’ C H C M’. Thus
H =M <G, and H C Z(G).

By Lemma 2.1(iii), we may assume that |L| > 1. Suppose that |L| = p?. Since L C KK~! C G’ Lemma 3.7
implies that LL™! = K3(G). Thus Z := LL™'NZ(G) # 1, and ZL = L by Lemma 2.3. Hence by Lemma 2.4

and Proposition 3.8, cg -1, is a power of p.

It remains to deal with the case |L| = p. Let t € LNxK !, so that | Cq(t)| = p®, and write ¢t = [z, g for some
g € G.

Assume that Cg(z) C Cg(t). Since A C Co(G') C Cq(t) we get M = ACg(z) = Ci(t). Then g ¢ M, for otherwise ¢ €
M’ = H C Z(G). Thus G = M{g) = Cg(t){g). Since Ca(z) C Cq(t) = Ca(zgz tg™ ') we get Ca(z) C Calgzr g™ ) =
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gCa(x™Hg™ = gCq(x)g™" and g € Ng(Ca(z)). Since |Ca(t) : Ca(z)| = p we also have Cg(t) € Ng(Ce(z)). We
conclude that G = Cg(t){g) C Ng(Cg(z)), i.e. Co(z) <G and G’ C Cg(x), a contradiction.

Thus we must have Cg(z) € Cg(t), so that G = Cg(t) Ce(x) and |Cg(t) N Ca(z)| = p®. Hence |Cq(t) :
Ca(t) N Cq ()| = p?. So cxx-1 = p? by Lemma 2.1(i), (v). The result follows in this case.

Case 2: G’ C Cg(x).
Then Cg(z) = G'(x) is abelian and normal in G. If [KK ! NZ(G)| = p? then Lemma 2.1(vi), (vii) imply the
result, and if |[KK~! NZ(G)| = p then Lemma 4.5 implies the result.

Thus we are left with the case |[KK 1 NZ(G)| = 1. Since |G’| = p* we have cl(G) < 4. Hence KK~1 C G’ C
Z3(Q). If KK=! C Z3(G) or [KK~1 N Z3(G)| = 1 then the result follows from Lemma 3.9. Thus we may
assume that 1 # KK 1NZy(G) # KK~!. Hence |G'NZ5(G)| € {p,p*}. Since G/ Cc(G'NZ>(Q)) is isomorphic
to a p-subgroup of Aut(G’ N Z(G)) we conclude that |G/ Cq(G’' N Z3(G))| < p. In particular, |Ce(y)| = p°
whenever 1 #y € KK~ N Z3(G) C G' N Z3(G). The result now follows from Lemma 4.6. O

It remains to deal with the case where G’ is abelian of order p*. We distinguish the cases |K| # p* and
K| =p.

Lemma 4.8. Let |G| = p%, and suppose that |G'| = p* and G" = 1. Moreover, let K, L € CI(G) be such that
|K|#p® and L C KK, Then cxg-1y, is a power of p.

Proof. By Proposition 3.5 and Lemma 2.1(iv), we may assume that p? = |K| < |KK ~!|. Also, we may assume
that [KK~' NZ(G)| < |K|, by Lemma 2.1(vi), (vii). Thus |[KK ' NZ(G)| € {1,p} by Lemma 2.3. Let z € K,
let t € LNzK~! and let g € G be such that t = [z, g]. Since G’ C Cg(t) we must have |L| < p?. Corollary 3.6
implies that G’ = ®(G) € SCN(G). We distinguish two cases:

Case 1: z ¢ G'.

Then M := G'(z) = G’ Cg(x) € Max(G) by Corollary 3.4, and H := {[z,y] :y € G’} C KK~! CG'. 1t is easy
to see that H < G, and |H| = |G’ : Cg/ ()| = p. Since Hz~! = H we have H < M. But M/H is abelian, so
that M’ C H C M’, and we see that H = M’ JG. Thus H C KK ' NZ(G). Since |H| =p > |[KK~' NZ(G)|
we conclude that H = KK ' NZ(G). In particular, K K~! contains exactly p conjugacy classes of G of length
1. If L is one of these then the result follows from Lemma 2.1(iii).

Assume that |L| = p, so that |Cg(t)] = p°. We must have g ¢ M; for otherwise t € M’ = H C Z(G). Thus
G = M(g) = G'{z,g) = ®(G)(z, g) = (z,g). Since [z,g] =t € Z(Cx(t)) we conclude that G/Z(Cq(t)) is abelian. Hence
G' C Z(Cq(t)). Since |G'| = p* this implies that Cg(t) is abelian, and we have a contradiction to Corollary 3.6.

This means that KK~ does not contain conjugacy classes of G of length p. Let [ denote the number of
conjugacy classes of G of length p? contained in KK ~!. Then Theorem A in [2] implies that p +1 = n(K) >
2(p—1)+1=2p—1, so that [ > p — 1. Suppose now that |L| = p>. Then Cg(t) = G’ since t € G'. Moreover,
Lemma 2.1(v) implies that cxx-17 > |G’ : Cor(z)| = p. The augmentation map e gives

pt= K| K = e(BEN)e((KH)T) = (KT (K™1)F)
= Y kx| Z KK NZG)] - K|+ 1p* > p,
JECIG)
Hence l = p—1 and cgg-17, = p, and the result follows in this case.

Case 2: z € G'.

Then ¢/ = Cg(z) and KK~ = {aza™! - bz~ 107! : a,b € G} = {a[z,a”'bla"! : a,b € G} C K3(GQ) < G".
Hence p* = |G'| > |K3(G)| > |[KK ™| > p?, so that |K3(G)| = p®. If [KK~'NZ(G)| = p then the result follows
from Lemma 4.5. Thus we may assume that KK ' NZ(G) = 1. If cl(G) < 4 then KK~ C K3(G) C Z»(Q).
In this case the result follows from Lemma 3.9. Hence we may assume that G has maximal class. Then
KK=! C K3(G) = Z3(GQ), and |Z(G)| = p. If 1 # y € KK—1 N Z5(G) then hyh™! € yZ(Q) for h € G, so
| Ca(y)| = p°. Now the result follows from Lemma 4.6. O

Now it remains to handle the case where |K| = p and G’ is abelian of order p*.

Theorem 4.9. Let |G| = p%, and let K, L € CI(G) be such that L C KK~1. Then cxg-17, is a power of p.
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Proof. By the preceding results, we may assume that |G’| = p*, G” =1 and |K| = p®. By Lemma 2.1(iv), we
may assume that |[KK 1| > p3. Let z € K, let t € LNxK ™!, and let g € G be such that t = [z,g] € G'.
Then G’ C Cg(t), so that |L| < p?. Corollary 3.6 implies that G’ = ®(G) € SCN(G). Moreover, Lemma 3.7
implies that ¢ G'. Thus M := G'(z) = G’ Cg(z) € Max(G) by Corollary 3.4. Furthermore, H := {[z,y] 1y €
G'} CKK ' CG and |H| = |G": Co/(x)| = p?. As before, we have H < G. Also, H < M since tHx~! = H.
Since M/H is abelian, we get M’ C H C M’, so that H = M’ <G and 1 # HNZ(G) C KK~ NZ(G). Let
y € KK ' NZ(G). Then there is h € G such that y = [z, h].

Assume that h ¢ M. Then G = M(h) = G'(x,h) = ®(G)(x,h) = (z,h). Since [x,h] = y € Z(G) this implies that
G/ Z(G) is abelian. Thus cl(G) < 2 which contradicts Corollary 3.3.

Hence h € M and y € M’ NZ(G) = HNZ(G). This shows that H NZ(G) = KK~ NZ(G). We distinguish two
cases:

Case 1: |[KK ' NZ(G)| = p*

In this case we have KK ! NZ(G) = H, and KK~! contains exactly p? conjugacy classes of G of length 1.
By Lemma 2.1(iii), we may assume that |[L| > 1. Then g ¢ M; for otherwise t € M’ = H C Z(G). Thus
G =M(g) = G'(z,9) = ®(G)(z,9) = (x,9)-

Assume that |L| = p, so that | Ca(t)| = p°. Then [z,g] =t € Z(Cs(t)) < G, so we conclude that G/ Z(Cg(t)) is abelian.
Hence G’ C Z(Cg(t)). Since |G'| = p* this means that Cg(t) is abelian. However, this contradicts Corollary 3.6.

This shows that KK~! does not contain conjugacy classes of G' of length p. Suppose that |L| = p?. Since
t € G' we conclude that Cg(t) = G'. We determine |L N 2K ~!|. Note that Cg(x) < M since M’ = H C
Z(G) C Cg(x). Also, we have z ¢ G' = Cg(t) = Cg([z,g]), so we conclude that Cg(z) # Ca(grg™!)
and Cg(z) N Cg(grg™t) = Z(G). Furthermore, Cg(x) Cg(grg™!) € Max(M). Let a € Cg(z) be such that
Ca(r) Calgrg™t) = Ca(grg=1)(a), and let b € G’ be such that M = Cg(z) Ca(grg=1)(b). Since G = M{g)
we conclude that

K ={¢'Va"(gzg Ha b 9g " i, j,k=0,...,p—1}.
Note that [z,a*g] = a*[x, gla™* = a¥ta™* € LnaK~! for k =0,...,p—1. Suppose now that also [z, b a*g] € L
for some j,k € {0,...,p — 1} such that j # 0. Since we may replace b by b we may assume that j = 1. Note
that ¢ := bakb~! € bCq(z)b~! = Cg(x). Since [z,ba*g] = [z, cbg] = c[z,bg]c™! we then also have [z,bg] € L.
Let y € G be such that

yty_l = [z,bg] = [z,b][z, g] = [z, B]t.

Since [z,b] € H C Z(G) we conclude that

Yty =t =y bty = [ byt iyt = = (2, 0] = [, 62, 9] = [z, b,

for i = 0,...,p — 1. Thus [z,a™b'g] = a™[z,b'gla™™ = a™y'ty~'a™™ € L for I,m = 0,...,p — 1. Since
Ca(grg™") < M these are precisely the elements [z, b'a™g] (I,m =0,...,p—1). Hence L = {[z,b'a™g] : [,m =
0,...,p—1}

Assume that [x,gib?'akg] € L for some 4,5,k € {0,...,p — 1} such that i # 0. Note that y := ¢‘b’a*¢g™" € M, and
[z,g'b a"g] = [2,y¢g"T']. Thus there is z € G such that

—1

2tz = [,y = [z, ylyle, g Ty = ylr, gy (mod Z(G))

since [z,y] € M’ = H C Z(G). We set G := G/ Z(G), g := g Z(G), etc. Then [%,g] =7 [7,g'""]. Thus Lemma 2.5 implies
that g € C5(Z). This leads to the contradiction ¢ = [z, g] € Z(G).

This shows that [z,g'ba*g] ¢ L for all i,j,k € {0,...,p — 1} such that i # 0. So we have proved that
|ILNxzK~| € {p,p*} in this case. However, we cannot apply Lemma 2.1(ix) here since Cg(z) € G’ = Cg(t).
But Lemma 2.1(v) implies that cxx-1;, > |G’ : Cor(z)] = p?. If |[LNzK ™t = p? then L C 2K ~1, and the
result follows from Lemma 2.1(ii).

Thus we may assume that |L N xK_1| = p. Let hy,he € G be such that t = hlthl . hgx_lhgl. Then there is
i €{0,...,p— 1} such that hl_lthl = thlhgx_lhglhl = a’ta=*. Thus hia’ € Cg(t) = G’ and hy € M. Since
M : Cg(x)| = p? this implies that cxx—17, < p?. Hence cxx—17, = p?, and the result follows in this case.
Case 2: |[KK ' NZ(G)| = p.

In this case KK ! contains exactly p conjugacy classes of G of length 1. If L is one of these then we have
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c¢xi-1; = |K| by Lemma 2.1(iii). Thus we may assume that |L| > 1. Let us consider next the case |L| = p,
i.e. |Ca(t)] =p°.

Assume that g ¢ M. Then G = M{g) = G'{x,g) = ®(G)(z,9) = (x,g) and [z,g] =t € Z(Ce(t)). Thus G/ Z(Cs(t)) is
abelian and G’ C Z(Cq(t)). Since |G’| = p* this means that Cg(t) is abelian. However, this contradicts Corollary 3.6.

Thus g € M and t = [v,9] € M’ = H. Then L C H C K, and Lemma 2.1(ii) implies that cxx-1; = |K|.
It is clear that H contains exactly p — 1 conjugacy classes of G of length p.

It remains to consider the case |L| = p?. Then g ¢ M; for otherwise t = [x,g9] € M’ = H and L C H, which is
impossible. Thus G = M (g) and Cg(t) = G’ since t € G'. It is easy to see that
B:={heG :[x,h| € Z(G)} <G

Moreover, | BN Cg(x)| = |G’ N Cg(x)| = p? and |B| = p3. We claim that B < G.
Indeed, if y € B and z € G then

e, 2y2""] = [2, 2)z[z, y2 7 ]2 = [ 2zl ylyle, 27y~ T = [ 2yl 2

= [z, 2]zlw, 27 )2 o, 9] = [2,9] € Z(G),

—1

so zyz ' € B.
In particular, we have B Cg(grg™') € Max(M).
Assume that Cg(z) € BCg(grg™"). Then BCg(grg™') = BCq(x) and g € Ng(BCg(z)). Since also M C

N¢(B Ce(z)) we conclude that BCg(z) < G. Thus G' = BCg(z) and = € G, a contradiction.
Hence Cg(z) ¢ BCg(g9zg™!) and M = Cg(x)BCq(grg™"). Let BCq(gzg™t) = (b) Ca(g9zg™!) with b € B,
and let a € Cg(x) be such that M = (a)BCg(grg~'). Then

K :={g'av*(geg )b *a 79" 1i,5,k =0,...,p—1}.

Note that [z,a’g] = a’[z,gla™ = a’ta=7 € L for j =0,...,p— 1.

Assume that [z, g'a’b"g] € L for some 4,5,k € {0,...,p — 1} such that i # 0. Then y := ¢g‘a’b*g~* € M. Let z € G be
such that

stz = [w,g'a’b"g) = [w,yg"""] =[x, ylyle, gy
Since [z,y] € M’ = H this implies that z[z,glz"* = ztz~* = y[z, ¢ Jy~" (mod H). We set G := G/H, §:= gH, etc.
Then [7,9] =g [7,g""']. Thus Lemma 2.5 implies that § € C5(Z) and ¢t = [z,9] € H. So we have the contradiction

LCH.

This shows that [z,g°a’b*g] ¢ L for all 4,5,k € {0,...,p — 1} such that 7 # 0. Let us consider the case where
[z,a7b*g] € L for some j,k € {0,...,p— 1} such that k # 0. Since we may replace b by b* we may assume that
k = 1. Then also [z,bg] € L. Let y € G be such that

yty~' = [x,bg] = [z, b]b[x, g]b~" = [z, b]t.
Since [z, b] € Z(G) we conclude that, for I =0,...,p — 1, we have
Yty = [z, by eyt =L =[x, b)'t = [2, blg].
Thus L = {[z,a™blg] : [,m =0,...,p— 1} C xK~! in this case, and Lemma 2.1(ii) implies cxx-1; = |K]|.
It remains to consider the case
LNnzK™ ' ={[r,a’g]:j=0,...,p—1}.

Lemma 2.1(v) implies that cxx-17 > |G’ : Cg(z)] = p?>. On the other hand, let hi,hy € G be such that
t = hyzhy' - hox~'hy'. Then hi'thy = z - hy'hex~thy'hy € LN xK™', so hy'thy = a’ta™’ for some
j€{0,...,p—1}. Thus hia/ € Cg(t) = G' and hy € M. Since |M : Cg(z)| = p? we get cxx-17 < p? in this
case, so that cxx—17, = p?. The theorem is now proved in all cases. ]

14



It can be shown that (P3) does not hold, in general, for groups of order p’. Indeed, the following GAP code
gives a group G of order 37 with conjugacy classes K of length 3% and L of length 3 such that cxp-1;, = 18 # 1
(mod 2):

G:=PcGroupCode (32162330624780229618657386444736,377) ;
CC:=ConjugacyClasses(G);

K:=CC[24];

L:=CC[6];

x:=Representative(L);

product:=function(x,y) return x*xy -1; end;
Size(Filtered(ListX(K,K,product) ,y->y=x)); # = c_{KK"{-1}L}

Although (P3) certainly holds for finite 2-groups, it is not true, in general, that the relevant class multiplication
constants cx -1, are always powers of 2. Indeed, the group SmallGroup(2~8,503) of order 2% in the “Small
Group Library” gives a counterexample.

5 Conjugacy classes of metacyclic p-groups
The purpose of this section is to show that (P3) holds for metacyclic p-groups. We start with an elementary
observation.

Lemma 5.1. Let G be a metacyclic p-group where p is an odd prime. More precisely, let G = AB where
A={(a) <G and B = (b) < G. Then

G' = {la',b] i € Z} = {[a,b]] : i € Z}
and |A: C4(B)| = |B: Cp(4)|.
Proof. Since G/A is cyclic, we have N := {[a’,b] : i € Z} € G’ C A. Thus [a",b] = [a,]" for i € Z, s0 that

N = ([a,b]) < A. Since N is characteristic in A, we have N < G. But G/N is abelian, so G C N C G, i.e.
G'=N.

We know that M := {[a,b’] : i € Z} C G’ = N and that |[M| = |B : Cg(A)| = p® for some s € Ny. Let |A]| = p"
where n € N, so that | Aut(A)| = p"~(p — 1). Since p is odd, Aut(A) is cyclic, and its Sylow p-subgroup P
is generated by the automorphism a of A satisfying a(a) = a**P. Every subgroup of P has the form <apt) for
some t € {0,...,n — 1}. Replacing b by a suitable power we may assume that

bab~! = o (a) = a1t for some t € {0,...,n—1}.

Since |B : Cp(A)| = p* we have
0=t ah P =+

Thus (1 +p)ps+t =1 (mod p™). This implies that s +¢ > n — 1. On the other hand, we have (1 —|—p)”t =1
(mod p*1), so we can write (1 + p)?" = 1+ kp'*! with k € Z. Then

ba? b1 — g ()P ot (tkp™t) otk T pt
Thus |G'| = |[N| = |A: Ca(B)| < p® = |M]| and therefore M = G’. Hence |A: C4(B)| = |B: Cg(4)|. O

The dihedral group of order 16 shows that the hypothesis p # 2 is necessary.

Proposition 5.2. Let G be a metacyclic p-group where p is an odd prime. Moreover, let K, L € Cl(G) be such
that L C KK~t. Then cxg—11, = |K|; in particular, (P3), (P2) and (P1) are satisfied.
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Proof. Let A = (a) and B = (b) as in Lemma 5.1. Moreover, let € K, and let s,t € Z be such that x = b%a’.
Then the elements in K have the form

aVabJa™ = 2(a b %'V b%a'b T a") = x(a”t - b %a'b - Valb I a7

=x(a” - Vab™ b - a”) = zfa” L V][0, A
with 4,5 € Z. Since U := (a’) B and V := A(b®) are also metacyclic, we have
U'={la b :j€Z} and V' = {[a’,b*] : i € Z},

by Lemma 5.1. Since U’ < A and V' < A, we have U’ <G and V' < G, so that N := U'V' < G. Thus
K = 2N and KK~! = Nzz~!N = N. This implies that |KK~!| = |N| = |K]|, and the result follows from
Lemma 2.1(iv). O

Also in this case the dihedral group of order 16 shows that the hypothesis p # 2 is necessary.

6 Elementary abelian normal subgroups with cyclic quotients

In this section we fix a prime number p > 2 and a finite p-group G containing an elementary abelian normal
subgroup A such that G/A is cyclic. We are going to prove that (P1) and (P2) hold for G. We start with the
following elementary observation.

Lemma 6.1. In the situation above, let g € G be such that G = A(g), and suppose that g° = 1. Moreover, let
a € A andi,j € Z be such that [a,g'] =g [a,¢’]. Then [a, '] = [a, ¢°].

Proof. Assume that [a,g'] # [a,¢’]. Then ¢* # g7, so that i # j (mod p). But now Lemma 2.5 gives a
contradiction. 0

Next we extend the result above.

Lemma 6.2. In the situation above, let g € G be such that G = A{g). Moreover, let a € A and i,j € Z be such
that [a, g'] =¢ [a, ¢’]. Then [a,g’] = |a, ¢’].

Proof. Tt is clear that we can replace G by the semidirect product of A and (g). In other words, we may assume
that AN (g) = 1. With this additional condition, let G be a minimal counterexample. Then (g) acts faithfully
on A. Moreover, we have G = {(a,g) and A = (g¥ag~" : k € Z). Moreover, we can write [a,¢’] = ¢°[a, g']g™*
with s € Z. Let Z be a minimal normal subgroup of G, so that Z C A. Then G := G/Z, A= A/Z, G = gZ
and @ := aZ also satisfy the hypothesis of Lemma 6.2. Thus [a,7'] = [@,¢’] by minimality, and g' 7 € Cx(a).
Thus g7 € Z(G) since G = (@,g). Also, [a,¢" 7] € Z C Z(G) implies that [a,(¢""7)?] = [a,¢9" 7P = 1,
so g7 € Cg(a). Thus g0=9)P € Z(G) since G = (a,g). Since (g) acts faithfully on A we conclude that
g =P = 1. Let p™ := |(g)|. Then m > 2 by Lemma 6.1, and i = j (mod p™~!); in particular, (g°) = (¢’). If G
contains distinct minimal normal subgroups Z1, Zs then the argument above shows that [a,¢™7] € Z1NZy = 1,
so g7 € Cg(a) and [a, ¢'] = [a, g’]. Thus the result is proved in this case. Hence we may assume that Z is the
only minimal normal subgroup of G. We distinguish between two cases:

Case 1: i =0 (mod p).

Then j =i =0 (mod p). If s=0 (mod p) as well then H := A(gP) also satisfies the hypothesis of Lemma 6.2.
By minimality, this implies that [a, ¢‘| = [a, ¢/]. Thus we may assume that s # 0 (mod p). Then we can replace
g by ¢° and assume that [a,¢’] = g[a,g']g~'. Thus g centralizes [@,g‘]. Hence g normalizes ([a,g’],Z) and
centralizes both Z and ([a,g’],Z)/Z. Therefore g centralizes ([a,g'], Z); in particular, ¢g* centralizes [a, ¢°].
Since (g%) = (¢g7) there is k € Z such that ¢/ = (¢")*. Then g[a,¢’]lg~" = [a,¢%*] = [a, ¢']F, so g normalizes
([a.g']). Thus ([a,¢']) TG, so ([a,¢']) € Z C Z(G), and [a, ¢’] = gla,g"lg™" = [a, ¢].

Case 2: i #0 (mod p). _
In this case we may replace g by ¢* and assume that ¢ = 1. The map f: A — A, b— [b, g], is a homomorphism;
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in particular, f(A) = {[b,g] : b € A} < A. Moreover, f(A) <G and G/f(A) is abelian. Thus G’ < f(4) < &,
so that

G' = f(A) = (f(g"ag™) 1 k € Z) = ([g"ag™" ] : k € Z).
We know that [a@,g] € Cg(g°). Thus [gFag *,g] = g*[a,g]lg " € Cx(g°) for k € Z. We conclude that
G c Cz(g%) and set H := G'(g°). Then H := HZ/Z is an abelian normal subgroup of G. Thus H' C
Z C Z(G). Since p is odd, H is a regular p-group. Hence (zy)? = aPyP for z,y € H, by Satz II1.10.8 in
[9]. In particular, we have U1(H) = (¢g°?). Since Z ¢ U1(H) < G we must have 1 = Uy(H) = (¢°?). Thus

g® € <gpm_1> = (¢°77) € Cg(A). Hence we can write g°ag~* = az with z € Z. We conclude:
[a,9°) = g°[a, glg™* = [9°ag™*, 9] = [az, g] = [a, ],
and the proof is complete. O

Lemma 6.3. In the situation above, let K, L € CI(G) be such that K C Aand L C KK~'. Thencgx-1y, = %;
in particular, (P3), (P2) and (P1) hold.

Proof. Let x € K. Then Lemma 6.2 shows that

n(K) 2 {[z,g] 11 € Z}| = |G : Ca(z)] = | K.

Thus Lemma 2.1(vi) implies that n(K) = | K|, and cxx-1p = % by Lemma 2.1(vii). O

Proposition 6.4. Let G be a finite p-group where p is an odd prime, and let A be an elementary abelian normal
subgroup of G such that G/A is cyclic. Then |[KK~* =1 (mod p — 1) for K € CI(G).

Proof. Let g € G be such that G = A(g), and let x = ag® € K where a € A and s € Z. Then KK ! consists
of the conjugates of the elements

[(lgs,bgi] — agsbgig—sa—lg—ib—l =q- gsbg—s _gia—lg—i . b—l
=ag'a g - g°bg b7t = [a, ¢'][g", V]
(be A;i€Z). Themap f: A— A, b [¢° ], is a homomorphism; in particular,
Ni= f(A) = {[g"b] : be A} < A,

Clearly, N < G. The equation above shows that {[ag®,bg’] : b € A,i € Z} is a union of complete cosets of N

in G. Thus KK~ is a union of complete cosets of N in G. Hence Lemma 2.2 implies that |[KK~'| = |KK71|
(mod p — 1) where K € CI(G) denotes the image of K in G := G/N. Therefore it suffices to show that

|KK_1\ =1 (mod p — 1). Note that G also satisfies the hypothesis of the proposition. So we may replace G
by G. Then g° centralizes A, so g° € Z(G). Hence K = Lg® where L is the conjugacy class of a in G, and
KK~! = LL~!. Thus we may also replace K by L. But then the result follows from Lemma 6.3. O

7 Elementary results on characters

In the following, let p be a prime, and let G be a finite p-group. Our first result is analogous to Lemma 2.3.

Lemma 7.1. Let x € Irt(G). Then A := Irr(xX) N G is a subgroup of G. Furthermore, A acts on Irr(G) by
multiplication, and we have (XX|\Y¥)e = (xXX|¥)c for A € A and ¢ € Irr(G).

Proof. If A € @ then y\ € Irr(G), and (xx|\)a = (x|xN)a € {0,1}. Moreover, we have (xx|A)g # 0 if and only
if YA = x. Thus A is the stabilizer of x in G, under the action of G on Irr(G) by multiplication. In particular,
A is a subgroup of G. If A € A and ¢ € Irr(G) then

XXM e = (XIx W) e = (xIx¥)a = (Xx|¥)a- O
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Tt is clear that (Q1) and (Q2) hold for p = 2. Tt is also easy to see that (Q1) holds whenever p = 3:
Lemma 7.2. Suppose that p # 2. Then |Irr(xX)| is odd for x € Irr(G); in particular, (Q1) holds for p = 3.

Proof. For ¢ € Irr(G), we have

xl)e = () = OXlP)e = (xX¥)e-

Since the trivial character of G is the only real-valued irreducible character of G' the elements in Trr(xX) \ {1}
come in pairs of the form (1), ). The result follows since certainly 1¢ € Irr(xY). O

Our next result is an easy observation.
Lemma 7.3. Let x,¢ € Irr(G). Then (xx|¥)a < ¥(1).

Proof. Since (xx|¥)a = (x|x¥)¢ is the multiplicity of x in x% we have x(1)1(1) > (xXx|¥)ax(1), and the result
follows. J

The next result comes from the paper [1] by Adan-Bante.
Lemma 7.4. Let x € Irr(G) be such that x(1) € {1,p}. Then (xx|¥)c =1 for ¢ € Irr(xX).

Proof. The case x(1) =1 is trivial, and the case x(1) = p is a consequence of Lemma 5.1 in [1]. O

As an application of Lemma 7.4, we obtain:

Corollary 7.5. Suppose that G contains an abelian subgroup A of index p. Then (xX|¥)a = 1 for ¢ € Irr(xX)-
Proof. This follows from Lemma 7.4 since x(1) < |G : A| = p by Problem 2.9 in [11]. O

We now turn our attention to irreducible characters of “large” degree.

Lemma 7.6. Let x € Irr(G) be such that x(1)? = |G : Z(x)|. Then (xx|¥)a = %(1) is a power of p, for
W € Irr(xx). Thus (Q2) holds, in particular, if |G| = p**** and x(1) = p" for some n € N.

Proof. By Corollary 2.30 in [11], x vanishes on G\ Z(x). Moreover, by Lemma 2.27 in [11], there is ¢ € Irr(Z(x))
such that ¢(1) = 1 and xgz(y) = x(1)¢. Thus x is the regular character of G/Z(x), viewed as a character of G.

Hence
xx= >, oo,
¢€rr(G/ Z(x))

and (xX|¥)e = ¥(1) for ¢ € Irr(xX) = Irr(G/ Z(x)). Suppose that |G| = p***! and x(1) = p™ for some n € N.
Since

P =x(1)? < |G Z(x)| <16 ZG) < p™
we conclude that | Z(G)| = p and x(1)? = |G : Z(x)|. Then the result follows from the first part of the proof. [

The preceding results allow to deal with the groups of order p™, for n =0,1,...,5.
Proposition 7.7. Suppose that |G| < p°. Then (xX|¥)g is a power of p, for x € Irr(G) and ¥ € Trr(xX).

Proof. Since x(1)? < |G : Z(x)| < |G : Z(G)| < p*, we must have x(1) < p?. If x(1) = p? then |G : Z(G)| = p?,
and therefore |G| = p®. Hence the result follows from Lemma 7.6 in this case. On the other hand, if (1) < p?
then Lemma 7.4 implies the result. O

We will deal with the groups of order p® in the next section. Another consequence of Lemma 7.6 is the following
result:

Proposition 7.8. Let x € Irr(G) be such that G' C Z(x). Then (xx|v)c = ¥(1) for v € Trr(xX). In particular,
(Q2) holds for finite p-groups of nilpotency class 2.

Proof. Theorem 2.31 in [11] implies that x(1)? = |G : Z()|. Thus the result follows from Lemma 7.6. O
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8 Characters of groups of order p°

In this section we show that (Q1) and (Q2) hold for groups of order p® where p is a prime.

Proposition 8.1. Let p be a prime, let G be a group of order pb, and let x € Irr(G). Then (xX|¥)¢ is a power
of p, for v € Irr(xXx); in particular, (Q1) and (Q2) hold.

Proof. By Proposition 7.8, we may assume that cl(G) > 2. By Proposition 7.7, we may assume that x is faithful.
By Lemma 7.4, we may also assume that y(1) = p?>. Let A € SCN(G). Then |A| > p? since G/A = G/ Cg(A)
is isomorphic to a p-subgroup of Aut(A). On the other hand, p? = x(1) < |G : A| by Problem 2.9 in [11]. Thus
|A| € {p?,p*}, and we distinguish the corresponding cases.

Case 1: |A| = p*.

Let A € Trr(xa). Then A(1) = 1and 0 # (xa|\)a = (x|]\%)q, by Frobenius reciprocity. Since x(1) = p* = \9(1)
we conclude that \¢ = x € Irr(G). Hence Ig(A\) = A by Theorem 17.4 in [10]. Let A denote the orbit of ), in
the action of G on Irr(A) by conjugation, and let AT denote the sum of the elements in A. Then x4 = AT, and
a = p°Pt where VU is another G-orbit on Irr(A), and e € Ny. Since

__ _~C < T
XX = XA = (xaN) = (ATX)
we obtain, by Frobenius reciprocity:

(Xl = (AN [)e = (AT X[pa)a = p (AFA|TF) 4 = p°[{N € A XX € U}
pe

— U
= WH(M,)@) €A% \\g € U :pe|A|CAA1\II

where cpp-1¢ denotes a class multiplication constant of the semidirect product A x (G/A). Thus Theorem 4.9
implies that cyp-1g is a power of p, and we are done in this case.

Case 2: |A| = p?.
By Case 1, we may assume that there is no B € SCN(G) such that |B| = p*. We are going to show that G has
maximal class, and that G is an exceptional group, in the sense of Definition II1.14.5 of [9)].

Assume first that G’ is abelian. Then we may assume that G’ C A. Thus G/A = G/ Cg(A) is isomorphic to an abelian
p-subgroup of Aut(A). Since |G/A| = p®, A cannot be cyclic. By Lemma 4.1, A cannot be elementary abelian, and by
Lemma 4.2, A cannot be isomorphic to Z/pQZ X Z/pZ. Thus we have a contradiction in this case.

Hence G’ is nonabelian. Then Hilfssatz I11.7.10 in [9] implies:
G| = p*, |2(G)] 2 9% |G'/G"| 2 p°.

This means that |G| = p%, |G"| = p, G’ = ®(G) and | Z(G")| = p>. We claim that A C G’ = ®(G).

Indeed, otherwise |G/A®(G)| < p, and G = (g)AP(G) = (g)A for some g € G. But then G/A is cyclic, and G' C A.
Since G’ is nonabelian we have a contradiction.

We conclude that Z(G) C Cg(A4) = A C G'. We claim that even Z5(G) C G’ = ®(G).

Indeed, otherwise |G/Z2(G)®(G)| < p, and G = (g)Z2(G)®(G) = (g)Z2(G) for some g € G. Then G/ Z(G) is abelian,
so that cl(G) < 2, a contradiction.

Hauptsatz I11.2.11 in [9] implies that [Z2(G), G'] = 1, so that Z2(G) C Z(G"). Since p? = |Z(G")| > | Z2(G)| > p?
we conclude that Z»(G) = Z(G') has order p?. Hence |Z(G)| = p. Since |G/®(G)| = p?, Hilfssatz I11.1.11 in [9]
implies that K3(G)/K5(G) is cyclic. Furthermore, Satz I11.2.13 in [9] shows that exp(K3(G)/K3(G)) divides
exp(G/K2(G)) = p. Thus |K2(G)/K5(G)| = p and |K3(G)| = p*; in particular, K3(G) ¢ Z»(G). Hence
K4(G) = [K3(G),G) € Z(G) and K5(G) = [K4(G), G] # 1. We conclude that G must have maximal class. We
claim that G is an exceptional group, in the sense of Definition III1.14.5 of [9].

Otherwise Hauptsatz I11.14.7 in [9] implies that [K2(G), K3(G)] C Ke(G) = 1, i.e. K35(G) C Z(G'). This is a contradic-
tion since |K3(G)| = p® and | Z(G")| = p°.
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Now Aufgabe 35 in Chapter IIT of [9] shows that A = K3(G) is the only maximal abelian normal subgroup of
G.

Next we turn our attention to the character theory of G. Recall that we are considering a faithful x € Irr(G)
of degree p?. Let A € Irr(x4) and T := Ig()).

Assume that G’ C T. Since |G’ : A| = p, X has exactly p extensions to G', and A is the sum of these extensions. Since
0# (xalM)a = (xer|AS )¢ there exists an extension u of A to G’ such that 0 # (xe|p) = (x|u®). Since x(1) = p*> =
1% (1) this implies that x = u®. Since G” C ker(u) we are led to the contradiction 1 < G” < ker(u®) = ker(x) = 1.

Thus we must have G’ ¢ T} in particular, |G : T| > p2. By Clifford Theory, x = u€ for a unique p € Irr(T'|\).
Hence |G : T| = p?, and u(1) = 1. Since |T| = p* = |G'| and TN G' = A we conclude that |[TG'| = p°.
Hence TG’ is the only maximal subgroup of G containing T’; in particular, we have TG’ = Ng(T) =: W.
Since A = Cg(A), T is nonabelian, i.e. 1 # T C ker(u). Since u® = x is faithful, 7’ does not contain any
nontrivial normal subgroup of G; in particular, we have T" 4 G and T' NZ(G) = 1. On the other hand, we have
T'ANg(T)=W,s0 T'NZ(W) # 1, and Z(G) # Z(W) < G. Thus Z2(G) < Z(W) and W C Cg(Z2(@G)). Since
|G : C(Z2(G))| = p we conclude that W = C(Z2(QG)). Since 1 T < W' <G and T" 4 G we have T < W',
in particular, |W’| > pZ.

Let W # M € Max(G). Then TM = G and TN M = A. The Mackey formula shows that
xar = (1) = (pa)™ = A € Tre(M);

for Iny(\) = TN M = A. Thus p* = xp(1)?2 < |M : Z(M)| < p*. Hence Z(M) = Z(G), and xp(1)% = |M :
Z(M)|. So Corollary 2.30 in [11] implies that xas(g) = 0 for all g € M \ Z(M). This yields that xasXar is the
regular character pys/ z(ar) of M/ Z(M), viewed as a character of M.

Suppose first that [M'| = p, i.e. M’ =Z(G) = Z(M). Then XmXat = 2, crme(ar) zoary) @ 1 (1) = 1 then (xX[¢)e <
(1) = 1 by Lemma 7.9, so that (xX|«) = 1, and we are done. If ¥(1) # 1 then o) = a for some a € Irr(M/ Z(M)) C
Irr(M), and

(xl¥)e = (xxla®)e = (xarXar|a)ar = 1,

and the result follows in this case.

Thus we may assume that |M’| > p? for all M € Max(G). This means that G/ Z(G) does not have an abelian
maximal subgroup. Hence Theorem 12.11 in [11] shows that G/Z(G) has an irreducible character of degree
p?. This character vanishes outside of Z»(G)/Z(G). Algebraic conjugation gives precisely p — 1 irreducible
characters of G/ Z(G) of degree p?. Also, G/Z(G) has precisely p? irreducible characters of degree 1. The

remaining irreducible characters of G/ Z(G) must have degree p. Since
PPl =) P+ (1) pt =00,

G/ Z(G) has precisely p? — 1 irreducible characters of degree p. Similarly, G/Z5(G) has precisely p? irreducible
characters of degree 1. All other irreducible characters of G//Z5(G) must have degree p. Since p* = p? - 1 +
(p* — 1) - p?, G/Z5(G) has precisely p*> — 1 irreducible characters of degree p. This implies that all irreducible
characters of G/Z(QG) of degree p have Z5(G)/Z(G) in their kernel. We now analyze the multiplicity of any
B € Irr(G/Z(G)) C Irr(GQ) in xX.
Suppose first that 3(1) = p?. Let W # M € Max(G). Then 8 = ¢ for some ¢ € Irr(M/ Z(G)), and ¢(1) = p.
Then

(XxXI18)e = (xx16%) e = (xarxXarlé)ar = (par) zany |9)ar = d(1) = p.
This shows that every irreducible character of G/ Z(G) of degree p? occurs with multiplicity p in xx.
Suppose next that 3(1) = p. We consider 8 as an irreducible character of G = G/Z5(G). There are two
possibilities:

Suppose first that 3 is not faithful, considered as a character of G. Then Z(G) C ker(8). Let W # M € Max(G), so that
M := M/Z5(G) € Max(G), and |M| = p®. Then M’ C 7(G) C ker(3), and 8 = o for some a € Irr(M) C Irr(M). We
conclude that

OxIB)e = (xla®)e = (xmxXarla) s = (pa/ zanla) = a(1) = 1.
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Now suppose that 3 is a faithful character of G. Since G is an M- group, there are L= L/Z5(G) € Max(é) and
w € Irr(L) such that B = wC. Since L' C ker(w) and L' < G we have L' C ker(w ) = ker(f) =1, i.e. Lis
abelian. In particular, L does not have maximal class.

Note that G is a p-group of maximal class, but not an exceptional group, by Hauptsatz I11.14.6 in [9]. Thus, by
Satz I11.14.22 in [9], Gy := Cx &Ko (G )/ K4(@)) is the only maximal subgroup of G which does not have maximal

class; in particular, L=G,and L =G, # Ca(Z2(G)) = W since G is an exceptional group. Thus, as we
showed above, xr, € Irr(L) and XXz = pr/z(L). Moreover,

(xx18)e = (xxlw%)e = (XeXTlw) L = (pr)z(1)lw)L = 1.

We have thus shown that each of the p? — 1 irreducible characters of G/Z(G) of degree p occurs in xX with
multiplicity 1.

It remains to consider the irreducible characters of G/Z(G) of degree 1. Again, let W # M € Max(G). Then
G acts by conjugation on the nontrivial elementary abelian p-group Irr(M/®(M)). Thus G has at least p fixed
points on Irr(M/®(M)). If w is one of these, then w® is the sum of the p extensions of w to G. We get
1 = (xmuxarlw)yr = (XX|w®)e. In this way we obtain (at least) p irreducible constituents of x¥ of degree 1.
However, since

p+ @ —-1)-p+-1)-p-p*=p*

we have already accounted for all irreducible constituents of x, and the result is proved. O

The result above does not extend to groups of order p”. In fact, there is a group of order 37 with two irreducible
characters x, 1 such that (xx|¥)c = 2, as the example following Theorem 4.9 shows. This can be checked easily
using GAP [7].

9 Characters of metacyclic p-groups

In this section we prove (Q1) and (Q2) for metacyclic p-groups.

Proposition 9.1. Let G be a metacyclic p-group where p is an odd prime, and let x € Irr(G). Then xX is the
reqular character of G/ Z(x), viewed as a character of G. Thus (xX|¥)a = ¥ (1) for ¢ € Irr(xX); in particular,

(Q1) and (Q2) are satisfied.

Proof. Let A = (a) <G and B = (b) < G such that G = AB. Then C := Cg(A) < G. Moreover, C is abelian
since A C Z(C) and C/A is cyclic. By Lemma 5.1, we have G’ = {[a,b%] : i € Z}, so

|G'| = |[{blab™" i € Z}| = |{gag™' : g € G}| = |G : Cg(a)| = |G : C).
Also, Lemma 12.12 in [11] implies that |C| = |G’| - | Z(G)|. Thus
|G:Z(G)| = |G :C|-|C:Z(GQ)| = |G|

Now let x € Irr(G). We may assume that x is faithful. Let A € Irr(xa), and let T :=Ig(A\). Then A < C <
T <G, and T/A is cyclic. Thus x = u¢ where p € T is an extension of A. Now T’ C ker(p) and 77 < G,
so T" C ker(u®) = ker(x) = 1. Hence T is abelian, so that ' < Cg(A) = C. We conclude that 7' = C and
x(1) = |G :T| = |G : C| = |G[; in particular, x(1 ) |G'1?2 = |G : Z(G)| = |G : Z(x)|. Now Corollary 2.30
in [11] implies that y vanishes on G\ Z(x). Moreover, (xx)(z) = x(1)? = |G : Z(x)| for z € Z(x). Thus x¥ is
indeed the regular character of G/ Z(x). The result follows. O
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